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1.  INTRODUCTION  TO  THE  SERVO-TRACKING  PROBLEM  IN  CONTROL 
ENGINEERING 

This  chapter  provides  an  overview  of  the  servo-tracking  problem  and  discusses  the  difficulties 
encountered  in  designing  digital  controllers  to  achieve  hi^-performance  servo-tracking.  The 
shortcomings  of  conventional  servo-controllers  are  also  discussed. 


1.1.  History  and  General  Overview  of  the  Servo-Tracking  Problem 

The  term  servo-tracking  is  used  to  describe  a  process  in  which  one  or  more  outputs  of  a 
system  tend  to  follow  (or  track)  time-variations  of  certain  inputs  to  the  system.  The  alternative  term 
servomechanism  originated  [1],  in  1934,  from  the  words  servant  (or  slave)  and  mechanism.  Thus,  the 
term  servomechanism,  implied  a  slave-type  mechanism.  Today,  this  term  refers  to  an  important  class  of 
feedback  control  systems  that  are  widely  used  in  industrial  applications.  Over  the  years,  the  word 
servomechanism  has  been  shortened  to  servo. 


^  ^  Instruments  and  machines  that  were  designed  to  perform  servo-tracking  appeared  in  the 
early  1880’s  in  connection  with  speed  regulation  requirements  for  steam  engines.  Speed  governors  that 
performed  set-point  regulation  in  the  face  of  uncertain  “loads”  are  a  specific  type  of  servomechanism  that 
appeared  during  that  time.  Later  in  the  1930’s  and  1940’s,  servomechanisms  became  essential 
components  in  electro-mechanical  systems  associated  with  airplane  autopilots,  anti-aircraft  fire  directors, 
and  bomb  sights,  to  name  a  few  examples. 


In  general,  an  industrial  servo  performs  the  task  of  controlling  some  physical  quantity  y(t) 
1^  comparing  its  actual  value  XO  at  time  t  with  a  desired,  or  commanded,  value  yc(t)  at  time  t  and  using 
the  real-time  difference  (or  servo-tracking  error)  s/t)  =  yJO-XO  to  control  XO  into  agreement  with 

yc(t)  (i.e.,  control  £'^(0-»-0).  The  basic  idea  of  servo-tracking  is  illustrated  in  Figure  1.1.  The  primaiy 
confrol  task  is  to  achieve  closed-loop  stability  for  the  (possibly  unstable)  system  and  to  simultaneously 
quickly  achieve  y(0->y,(0  and  maintain  thereafter.  The  servo-tracking  controller  desigii 

problem  in  control  engineering  is  to  create  a  controlling  device  and  associated  control  algorithm  that  will 
achieve  accurate  servo-tracking  of  all  expected  “commands”  y^t),  while  simultaneously  satisfying 
additional  performance  cnteria  that  may  be  specified,  in  the  face  of  a  wide  variety  of  uncertain 

disturbances  and  initial  conditions.  uuvciuiiii 
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Figure  1 . 1  Servo-Tracking  Behavior:  XO  Must  Quickly  Become  Equal-to  and  Thereafter  Accurately 
Track  yc(r). 


The  physical  quantity  being  controlled  by  a  servo-tracking  controller  may  be  position, 
velocity,  chemical  composition,  temperature,  light  intensity,  or  any  other  measurable  and  controllable 
entity  p].  Also,  the  servc^ntroller  may  take  on  many  forms.  For  instance,  a  person  reaching  to  pick  up 
a  moving  object  can  be  viewed  as  a  biological,  servo-controlled  system.  In  that  case  the  tracking-error 
contmually  sensed  by  the  eyes,  is  the  difference  between  the  position  ^^(0  of  the  object  and  that  of  the 
hand  XO-  In  fact,  the  pointing  of  the  eyes  themselves  is  another  example  of  a  biological  servo-system  as 
are  the  automatic  iris-adjustments  within  each  eye.  ’ 


1.2. 


Difficulties  in  Achieving  High-Performance  Servo-Tracking 


As  discussed  in  the  previous  section,  in  addition  to  achieving  closed-loop  stability  the 
purpose  of  a  servo-controller  is  to  reduce  to  zero  the  difference  between  the  plant  output  and  the 
command  input.  However,  simply  achieving  a  zero  tracking-error  eventually  is  not  sufficient,  in  general. 
Hi^-performance  servo-tracking  requires  essentially  zero  tracking-error  while  simultaneously  achieving 
and  maintaining  some  minimum  quality  of  performance  for  the  closed-loop  system.  The  performance 
specifications  pqncally  involve  rise-time,  settling-time,  and/or  overshoot  of  the  variable  y(t)  being 
controlled,  or  the  gam  and  phase  margins  of  the  closed-loop  system.  Several  difficulties  can  iise  when 
attempting  to  achieve  hi^-performance  servo-tracking.  Primarily,  these  difficulties  can  be  attributed  to 
the  inherent  uncertainty  about  the  servo-commands  and  disturbance  inputs. 
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1.2.1.  The  Nature  of  Uncertain  Servo-Commands >'«.(/)  in  Control  Problems 

^  *P*^*^®^*^^  applications,  the  servo-command  ^c(/)  is  not  necessarily  a  single 
scal^  input  and  not  limited  to  simple,  stepwise-constants,  ramps,  or  acceleration-type  commands. 
Rather,  the  y^t)  may  be  a  “vector,”  or  set,  of  independent  inputs  and  may  vary  with  time  in  complex, 
unpredictable  ways.  Practical  servo-commands  are  almost  always  uncertain  in  the  sense  that  their  time- 
behavior  is  not  precisely  known  apriori,  and  is  only  revealed  or  available  for  measurement  in  an  on-line, 
real-time  fashion.  A  typical  time-plot  of  such  a  servo-command  input  is  shown  in  Figure  1.2  where  it  can 
be  seen  that  the  rate  of  change  of  the  servo-command  may  vary  unexpectedly  with  time.  Those  changes 
in  the  motion  of  yjj)  cannot  be  predicted  and  corrections  for  them  must  be  made  by  the  servo-controller 

in  a  real-time  manner,  based  on  measurements  of  the  command  and  plant  response  up  to  that  particular 
point-in-time. 


Figure  1.2  Tjpical  Time-Plot  of  a  Servo-Command  Input  yc(/). 


1.2.2.  The  Nature  of  Uncertain  Disturbances  in  Control  Problems 

♦  ^  control  engineering,  disturbances  are  defined  technically  as  uncontrollable 

inputs  that  affect  system  behavior.  The  uncertainty  associated  with  disturbances  is  sSr  to  ^It 
associated  with  servo-commands  in  that  disturbances  can  vary  with  time  in  uncertain  and  complex  ways 
occrTih”"  servo-commands,  disturbances  are  usually  not  directly  measurable.  Disturbances  Ian 

extelun  ti  T  system.  External  disturbances  arise  from  effecte 

external  to  Ae  plant,  such  as  system  loads,  environmental  winds,  temperature  changes  and  precioitation 

pirsucLts,re-dX^^^^ 


3 


in  relation  to  their  nominal  or  assumed  values  due,  for  instance,  to  fluctuations  in  subsystem  component 
outputs  or  modeling  errors.  Conventional  servo-controllers  are  tuned  to  the  assumed  nominal  plant- 
parameter  values  during  the  design  process.  If  those  parameter  values  are  inaccurate,  or  change  during 
normal  operation  in  some  unpredictable  manner,  an  inappropriate  servo-control  action  may  result. 


13.  Summary  of  Conventional  Approaches  to  the  Design  of  Servo-Tracking  Controllers 
for  Linear  Time-Invariant  Systems 

The  servo-tracking  design  problem  came  to  the  forefront  in  the  1930’s.  From  that  time 
through  the  late  1950’s,  a  general  theoiy  of  control  was  developed  and  is  known  today  as  classical 
control  theory.  That  theory  is  still  used  in  many  control  design  problems,  especially  for  linear  systems 
with  a  smgle  control-input  and  a  single  plant-output.  The  so-called  modem  control  theoiy,  developed 
since  the  late  1950’s,  is  suitable  for  both  single  control-input,  single  plant-output  systems,  as  well  as 
more  complicated  systems  such  as  those  having  multiple  control-inputs  and  multiple  plant-outputs.  It  has 
been  asserted  [5]  that  the  advances  achieved  in  space  exploration  during  the  past  35  years  were  possible 
only  because  of  the  advent  of  modem  control  theory. 


13.1. 


Classical  Approaches  to  the  Design  of  Servo-Tracking  Controllers  for  Linear 
Time-Invariant  Systems 


I  ^  approaches  to  designing  servo-tracking  controllers  were  based  on  the 

solution  of  differential  equations  by  classical  means.  This  type  of  analysis  can  be  tedious  for  anything 
0  er  than  relatively  simple  systems.  The  Laplace  transform  (transforms  time  functions  into  functions  of 
a  complex  variable  5  [3 1])  was  a  primaiy  tool  in  those  early  approaches. 

;ii  ^  ^  laical  servo-control  system  as  configured  in  classical  control  theory  is 

illustrated  in  Fi^re  13,  where  is  the  scalar,  transfer  function  of  the  plant  to  be  controlled,  w(^is  a 
distuihance,  and  «(/)  is  the  scalar,  servo-control  input  to  the  plant.  The  classical  servo- 

r  fi'"ction  Gfs)  (compensator)  that  will  achieve  and 

exS  cert  stability,  a  zero  tracking-error  and,  in  addition,  cause  the  closed-loop  system  to 

sSlinu  timTrl  t  characteristics  include  design  specifications  such  as 

settling-time,  rise-time,  and  percent  overshoot,  related  to  the  step  response  of  the  system  [3]. 
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w{t) 


Some  examples  of  classical  methods  for  designing  servo-tracking  controllers  Gtj(s') 
are  the  methods  of  steady-state  errors,  the  Nyquist  Stability  Theorem  [24],  the  root  locus  method  of 
Evans  [30],  and  the  frequency  domain  methods  of  Bode  [26],  The  design  and  analysis  of  servo-tracking 
controllers  Gds)  using  classical  control  engineering  methods  are  described  in  [5]-[23]. 


13^. 


Modern  Approaches  to  the  Design  of  Servo-Tracking  Controllers  for  Linear 
Time-Invariant  Systems 


.  Modem  control  theory  can  be  applied  to  complex,  time-vaiying  systems  having 
multiple  control-mputs  and/or  multiple  plant-outputs,  as  well  as  simpler  single  input/single-output 
systems.  The  tools  of  modem  control  theory  are  developed  primarily  in  the  time  domain.  Modem 
control  theory,  sometimes  referred  to  as  state-space  control  theoiy,  characterizes  systems  by  a  collection 
of  77  physical  quantities  {x,,  X2, ...,  x„}  called  state-variables  which  enable  a  /7*-order  differential  equation 
model  of  a  system  to  be  converted  into  a  set  of  ti  firat-order  differential  equations  called  state-equations 
Those  state-equations  govern  the  time-evolution  x^t)  of  the  n  state-variables  associated  with  the  dynamic 
behavior  of  the  plant.  T^hose  first-order  equations  can,  in  the  case  of  linear  plants,  be  expressed  in  vector- 
matrix  notation  to  simplify  the  mathematical  calculations.  When  a  physical  system  has  been  modeled  by 
a  set  of  mathematical  equations,  the  subsequent  method  of  analysis  and  servo-controller  design  is 
mdependent  of  the  natoe  of  the  physical  system.  The  required  servo-controller  action  «(/)  is  deterTned 

by  a  control-law  or  algorithm  that  uses  the  measured,  or  estimated,  state-variables  from  the  plant  and 

Ae  SCcelpTH™)  and 

placement  (the  designation  of  closed-loop  poles),  observer  theory  (“state- 
«jmat,on  theoo-”)  and  optimal  conttol  methods  (all  bas«l  on  stam-lpace  theoo.  and  iS-algl^^ 
niques)  are  used  extensively  m  the  application  of  modem  control  engineering  to  the  design  and 
^alysis  of  linear  servo-tocking  control  systems.  Servo-tracking  design  methodologies  that  inake^se  of 
those  methods  are  described  in  [20-2 1 ,32-39,42  44  47-56] 


5 


1.4.  The  Concept  of  Digital  Control  in  the  Design  of  Servo-Tracking  Controllers  for 

Linear  Time-Invariant  Systems 

The  increasing  reliance  on  microprocessors  in  industrial  servo-tracking  control  system 
implementations  has  made  it  necessary  to  develop  controller  design  methods  that  result  in  servo- 
controller  algorithms  which  can  be  realized  in  digital  computer  environments.  Digital  control  is  a  way  of 
computing  and  applying  control  actions  that  uses  digital  data  sampling  and  data  processing  techniques  to 
update,  or  determine  new  values  for,  the  control  «(/)  at  sequential,  discrete  points  in  time,  t  =  to  +  kT,k  = 
0,  1,2,  where  to  is  the  initial  time  and  the  positive  constant  T  (typically  referred  to  as  the  sample- 
period)  is  determined  in  part  by  the  digital  hardware’s  computing  speed  and  in  part  by  the  availability  of 
the  sampled  data.  Because  those  algorithms  are  realized  by  digital  processors,  the  resulting  servo- 
controller  is  often  referred  to  as  a  “digital”  servo-controller.  Since  the  digital  servo-controller  is 
implemented  on  a  microprocessor,  digital  computer,  or  similar  type  of  data  processing  circuitry,  a  non¬ 
zero  time-interval  is  required  in  order  to  format  the  raw  measurement  data  and  perform  the  computations 
necessaiy  to  fully  execute  the  servo-tracking  controller  algorithm.  Therefore,  the  resulting  real-time 
digital-control  decisions  are  generated  at  discrete-values  in  time  t  =  to  +  kT,  k  =  Q,  2,  ...,  hereafter 
called  “discrete-time”  where  the  control  “decision”  made  at  time  t  =  to+kT  is  not  updated  again  until  the 
“next”  value  of  discrete-time  /  =  to+{h-\)T.  According  to  the  scientific  definition  [32]  of  discrete-time 
control,  during  the  interval  of  time  between  successive  discrete  times  (to+kT,  /o+(yH-l)7),  k  =  Q,  1,  2,  ... , 
the  digital  controller  applies  (popibly  time-vaiying)  control-actions  to  the  plant  in  an  ooen-loon  manner, 
with  no  knowledge  of,  or  reaction  to,  uncertain  time-variations  in  servo-commands  yc(0>  disturbances 
w(/),  etc.,  that  may  occur  during  the  time-interval  (“intersample-interval”)  r„  +  kT<t  <tg  +(k  +  1)7’. 

Discretization  is  the  process  of  representing  a  given  plant  mathematical  model,  originally 
developed  in  the  form  of  a  set  of  differential  equations,  by  an  equivalent  set  of  difference  equations, 
assuming  the  discrete-time  control  u(kT)  will  vary  in  a  pre-specified  manner  across  each  sample-interval 
[33],  Modem  day  methods  of  designing  digital  servo-tracking  controllers  involve  discretizing  the 
continuous-time  state-space  model  of  the  plant  and  then  performing  a  digital  controller  design  using  the 
tools  of  modem  discrete-time  control  theory.  The  vector/matrix  methods  of  modem  linear  control  theory 
lend  themselves  very  well  to  computer  computation.  It  is  this  characteristic  that  has  allowed  modem 
control  theory  to  solve  marry  coniplex  servo-tracking  problems  that  could  not  otherwise  be  solved  by 
classical  control  theory.  Discussions  of  digital  servo-tracking  controller  design  using  modem  control 
engineering  techniques  are  found  in  [3,20-21,33,47,52,56,58]. 


1.5.  Shortcomings  of  Contemporary  Methods  for  Designing  Servo-Tracking  Controllers 
for  Linear  Time-Invariant  Systems  [59] 

-.1  contemporaiy  servo-tracking  controller  design  methods,  for  the  purposes  of 

Identifying  their  shortcomings,  was  performed  as  a  part  of  this  research  effort.  The  findings  of  that 
review  were  presented  m  [59].  Many  of  those  same  shortcomings  were  identified  in  two  independent 
studies  reported  in  two  more  recent  papers  [60,61].  These  various  shortcomings  are  discussed  in  this 
section  as  part  of  the  motivation  for  this  research  effort. 
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1.5.1.  The  Restriction  to  Step  +  Ramp  +  Acceleration-Type  Representations  of 
Servo-Command  Time-Behavior 

and  modem  servo-tracking  control  methods  consistently  rely  on  “step”, 
“step+ramp,”  and  “step+ramp+acceleration”  type  characterizations  of  the  anticipated  servo-command 
inputs.  Many  servo-commands  are  members  of  that  class  of  commands.  However,  some  types  of  servo- 
commands,  such  as  weighted  linear  combinations  of  (known)  exponentials  or  sinusoids,  cannot  be 
accurately  characterized  in  this  way.  For  example,  a  servo-command  having  the  form 

—  cos(^/),  where  a  and  ^  are  known  constants  and  c  is  some  unknown  constant,  is  not 

accurately  represented  by  any  of  the  type  characterizations  mentioned  above.  Consistently  classifying 
servo-commands  by  those  types  has  resulted  in  a  controller  design  guideline  that  characterizes  servo 
systems  as  “Type  1”,  “Type  2”,  and  “Type  3”.  The  resulting  overall  closed-loop  systems  are  such  that 
Type  1  systems  perform  well  for  step-type  servo-commands.  Similarly,  Type  2  and  Type  3  systems 
perform  well  for  step+ramp  and  step+ramp+acceleration-type  servo-commands,  respectively.  Such 
systems  are  considered  essential  to  achieving  good  servo-tracking  performance.  Indeed,  when  a  servo- 
command  belongs  to  the  particular  class  of  step,  or  ramp,  or  acceleration  type  commands,  good  servo¬ 
tracking  performance  may  be  obtained.  However,  when  the  time-behavior  of  the  servo-command  does 
not  conform  to  this  class  of  variations,  and  the  controller  algorithm  is  designed  as  a  Type  1,  2,  or  3 
system,  performance  limitations  will  result.  Examples  of  classical  and  modem  servo-tracking  controller 
desi^  methods  that  rely  on  this  type  command  characterization  are  found  in  [20,21,46-48].  Servo¬ 
tracking  controller  design  methods  which  accommodate  a  more  general  class  of  servo-commands  are 
discussed  in  [37,38,40,44]. 


1.5.2.  Zero-Order-Hold  versus  Discrete-Continuous  Control 

.  .  .  Digital  controllers  are  characterized  by  an  alternating  closed-loop/open-loop 

behavior;  closed-loop  at  the  discrete-times  t  =  t^+kT  and  open-loop  over  the  intersample  intervals 

kT^t<{k-¥\)T-,  k  =  0,  1,  2,  ....  This  mode  of  behavior  makes  the  performance  of  digitally  controlled 

systems  more  sensitive  to  the  uncertainties  (uncertain  commands,  disturbances,  noisy  measurements  etc  ) 
associated  with  the  servo-tracking  problem.  Recall  from  Subsection  1.4  that  a  digital  servo-confroller 
updates  the  confrol  decisions  only  at  the  discrete  times  t  =  /„  +  A:  =  0,  1,  2,  . .. ,  with  no  knowledge  of, 
or  reaction  to,  events”  that  may  occur  during  the  intersample  interval  +  kT <t  <tg  +{k  +  Y)T .  This 
situation  has  resulted  m  the  commonly  held  assumption,  among  digital  control  designers,  that  the 
appropriate  confrolm^  that  should  be  applied  to  the  plant  between  consecutive  discrete  points-in-time 
(to  kl,  to  +  (*+1)7)  IS  a  constant  value  u{t)  =  constant  =  u{kT)  that  is  computed  at  the  beginning  t  =  to 

traditional  choice  of  constant  digital  control-action  is  commonly 
^  as  zero-order-hold  (z.o.h.)  type  control.  A  graphical  representation  of  a  typical  z.o.h.  type 
digital  control-action  is  shown  in  Figure  1 .4. 
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Figure  1.4  Illustration  of  Zero-Order-Hold  (z.o.h.)  Control-Action. 


Digital  servo-controllers  that  allow  for  the  possibility  of  a  time-vaiying  control 
action  across  each  sample-interval  have  been  described  in  the  literature  [46,58,62-68].  The  modes  of 
tmie-variation  (or  holding  actions)  considered  in  those  references  are  commonly  referred  to  as  first- 
order,  second-order,  and  exponential  hold.  Such  classical  control  schemes  smooth  out  the  otherwise 
rough  stair-step  waveform  of  a  z.o.h.  control-action  (as  shown  in  Figure  1.4)  but  can  not  intelligently 
choose  smart  control-variations  that  serve  to  maintain  the  servo-tracking  error  near  zero  between  the 
samp  e  times,  to-^  kT<t<to  +  (k+\)T.  In  fact,  those  holding  actions  can  lead  to  an  undesirable  “build¬ 
up  of  the  servo-tracking  error  during  the  discrete  time-interval  between  the  sample  times.  This  build-up 
o  Mrvo-tracking  error  is  known  as  intersample  misbehavior  and  is  a  common  obstacle  to  achieving  high- 
pertormance  servo-tracking  using  conventional  digital  control  methods. 


.  niisbehavior  {ripple)  in  digital  servo-controlled  systems  can  be  caused 

by.  (i)time-vanations  of  the  servo-commands;  (ii)  time-variations  of  the  disturbances;  and  (iii)  open- 
loop  instability  of  the  plant.  Most  digital  control  texts  define  ripple  as  the  build-up  of  error  between  the 
sampling  instants  when  the  error  at  the  sampling  instants  is  zero  (“deadbeat”).  In  Figure  1  5  a  nlant 

output  Xt)  which,  at  ,  =  *7-.  *  =  3,  4,  5 . appcat,  to  be  ac^utately  hiking  a  «’t  s^ 

command  y^/)  IS  shown  The  plant  output  achieves  deadbeat  response  because  the  tracking-error  is  zero 
at  the  sample  rimes  t -kT ,  k  =  3,  A,  5,  ... .  However,  in  reality,  y{t)  is  drifting  with  respect  to  yj{t)  and 

StT  fK  constant  servo-command.  This  drifting  of  tracking  error 

be^een  the  discrete  sample-times  can  be  very  difficult  to  reduce  with  the  traditional-type  interfample 

callld  ^H  Section.  However,  a  recently  introduced  technique  for  digital-control 

called  discrete-continuous”  control  [38]  leads  to  a  more  intelligent  choice  of  intersample  cZTot 
variations  and  thereby  can  reduce  this  mode  of  mtersample  misbehavior.  The  technique  in  [38]  has  been 
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incorporated  into  the  new  digital-servo  controller  design  procedure  developed  in  this  report  and  will  be 
described  in  detail  in  Chapter  3. 


Figure  1.5  Illustration  of  Intersample  Misbehavior  of  Output  Response  _y(r). 


1.5.3.  Failure  to  Exploit  Available  Real-Time  Information 

jirp  I  .1  and  classical  design  methodologies  for  servo-controller  algorithms 

1:7^ « ^  steady-state  tracking-error  considerations  as  «  (or  as 

}■  ^  steady-state  error”  design  procedure  does  not  address  the  important  task  of 

minimizing  '"^“t^eoys  real-time  tracking-error  s^t),  based  on  the  real-time  behavior  of  the  servo- 

i  dynamic  information  about  the  disturbances  and  plant  model  is 

encoded  in  the  plant  output  measurements  y(/).  That  information  can  be  decoded  and  utilized  in  real-time 

d^iiami’c  r®  measurements  XO-  Similarly,  useful  information  concerning  the 

c^a^ds  vJr  "measurements  of  the  sfrvo- 

[8^  21  4^47  581  servo-controller  design  methods,  such  as  those  described  in 

18,1 /,20, 2 1,46,47,58],  do  not  attempt  to  exploit  this  useful  encoded  information  Modem  servo 

tta“nfomS.  ^  ““  ^“1- 
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1.5.4.  Sensitivity  to  Parameter  Perturbations 

Conventional  (classical  and  modem)  servo-tracking  design  techniques  do  not 
incorporate  explicit  means  for  accommodating  the  almost  certain  event  that  at  least  one  of  the  actual 
plant-parameter  values  will  fail  to  match  the  value  used  during  the  design  process.  As  discussed  in 
Subsection  1.2.2,  such  parameter  mismatches  tend  to  cause  an  inappropriate  feedback  control-action  to 
occur,  which  can  result  in  loss  of  tracking  quality  and  even  cause  a  loss  of  closed-loop  stability. 

The  degree  to  which  a  servo-tracking  controller  maintains  performance 
specifications  in  the  face  of  off-nominal  values  of  plant  parameters  can  be  viewed  as  a  measure  of  the 
robustness  quality  of  that  servo-tracking  controller.  Today’s  modem  tracking-systems  impose  close- 
tolerance,  high-performance  demands  on  such  things  as  settling-time,  peak-errors  and  disturbance 
rejection.  A  tracking  system  whose  stability  is  sensitive  to  certain  parameter  values  will  not  consistently 
meet  those  demands.  Therefore  it  is  important  that  the  closed-loop  performance  specifications,  in 
addition  to  closed-loop  stability,  be  maintained  in  the  face  of  unmeasurable  changes  in  plant-parameter 
values  [59].  Servo-tracking  controller  design  methods  that  achieve  a  degree  of  robustness  to  parameter 
variations  are  presented  in  [34,35,39];  however  those  techniques  assume  zero,  constant,  or  stepwise- 
constant  servo-commands  and  do  not  include  complex,  time-vaiying  commands  as  discussed  in 
Subsection  1.5.1.  The  servo-design  methodology  developed  in  this  report  will  achieve  robustness  to 
plant  parameter-variations  and  can  be  applied  to  systems  that  must  track  high-order,  time-varying,  servo- 
commands. 


1.5.5.  Systematic  Design  Procedures 

Many  of  the  servo-tracking  controller  theories  and  design  procedures  published  in 
the  professional  journals  are  burdened  by  complexity.  Classical  design  methods  were  often  graphical  and 
difficult  to  utilize  when  higher-order,  multiple-input,  multiple-output  (MIMO)  systems  were  considered. 
On  the  other  hand,  some  modem  design  methods,  such  as  pole-placement  and  observer  theoiy,  rely 
primarily  on  state-space  and  linear  algebra  techniques  to  reduce  the  complexity  of  the  design  somewhat. 
In  fact,  single  and  multiple  control-input/plant-output  time-invariant  (and  also  time-vaiying)  systems  are 
handled  with  ease  by  the  s^ne  methodology  in  modem  control,  whereas  classical  control  methods  are 
primarily  suitable  only  for  time-invariant  systems  (of  the  single  control-input,  single  plant-output  type) 
to  addition  llie  vector/matrix  mathematical  representations  of  modem  control  allow  for  relatively  easy 
implementation  of  the  servo-controller  algorithm  on  a  digital  processor.  Methods  that  utilize  a  simple 

algebraic  pole-placement  and  observer  theory  approach  to  designing  servo-tracking  controllers  are 
detailed  in  [37,38,40]. 


1.6.  Goals  of  This  Research  Effort 

...  ..  effort  is  to  develop  a  new,  linear-algebraic  procedure  for 

designing  high-performance  digital  servo-tracking  controllers  for  linear,  time-invariant  MIMO  systems. 

igital  servo-controllers  designed  by  this  procedure  should  be  capable  of  reducing  the  effects  of  the 
s  ortcomings  discussed  in  Section  1.5.  A  design  methodology  for  partially  achieving  this  goal  for 
continuous-time  (analog)  controllers  was  presented  in  [35].  However,  a  general  MIMO  digital  servo- 
control  theoiy  for  linear  plants,  which  overcomes  the  shortcomings  identified  in  this  Chapter  and  in  [59- 
61],  has  apparently  not  been  published  in  the  literature.  To  accomplish  the  primary  goal  of  this  research 
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effort,  several  existing  servo-controller  results  will  be  modified  and  incorporated  into  the  new  digital 
servo-controller  design  procedure.  Those  existing  results  are:  (i)  a  linear-algebraic  continuous-time 
servo-control  method  [37,70],  which  will  be  adapted  to  discrete-time;  (ii)  a  recently  developed  discrete- 
continuous  control  result  [38]  that  accommodates  intersample  ripple;  and  (iii)  a  linear  adaptive  control 
technique  [34]  that  accommodates  parameter-perturbations.  The  servo-controller  design  procedure 
presented  in  this  report  incorporates  several  additional  features  that  enable  the  resulting  digital  servo- 
controllers  to  achieve  a  level  of  servo-tracking  performance  that  is  not  obtainable  by  contemporaiy 
meAods.  A  collection  of  worked  examples,  with  simulations  results,  will  be  presented  to  illustrate  the 
desi^  procedure  and  level  of  servo-tracking  performance  that  can  be  obtained  by  the  new  digital  servo¬ 
tracking  controller  design  method  developed  here. 
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2.  THEORY  AND  DESIGN  PROCEDURE  FOR  A  NEW  DIGITAL  SERVO¬ 
TRACKING  CONTROLLER  FOR  LINEAR  DYNAMICAL  SYSTEMS 

2.1.  Overview  of  Chapter  2 

This  research  effort  is  concerned  with  the  development  of  a  new  digital  control  design 
methodology,  based  on  linear-algebraic  methods,  for  the  MIMO  servo-tracking  problem  with  an  /i^-order 
linear  plant  and  uncertain  servo-commands  and  disturbances.  As  mentioned  in  Chapter  1,  a  linear- 
algebra  type  analog  (continuous-time)  control  design  methodology  for  high-performance  servo-tracking 
in  continuous-time  was  presented  in  [37,70].  In  this  Chapter  a  digital  servo-tracking  control  design 
methodology  is  developed  which  parallels  the  continuous-time  methodology  in  [37,70],  with  several 
improvements.  That  methodology  subdivides  the  servo-tracking  problem  into  intermediate  subproblems 
that  can  be  solved  by  simple  linear-algebra  techniques.  This  technique  is  unique  in  that  no  linear- 
algebra-based  digital  servo-tracking  design-methodology  currently  exists  that  achieves  a  high-level  of 
servo-tracking  performance  while  overcoming  the  obstacles  inherent  in  conventional  servo-tracking 
design  methods  (as  detailed  in  Chapter  1). 


2.2.  Mathematical  Model  of  a  Generic  MEMO  Linear  Dynamical  Plant 

The  specific  class  of  plants  considered  in  this  research  is  the  set  of  finite-dimensional,  real¬ 
valued,  MIMO,  time-invariant  linear  dynamical  plants.  This  class  of  plants  can  be  represented  by  a 
linear-differential  state-equation  and  an  output  equation  of  the  general  form 

x(t)  =  Ax(t)  +  Bu(t)  +  Fw(t) 


II 

P 
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where 

x(t) 

w-dimensional  plant  state-vector, 

u(t) 

/•-dimensional  plant  control  input-vector, 

w(t) 

/^-dimensional  vector  representing  the  (assumed  independent) 
multi-dimensional  external  disturbances. 

y(t) 

m-dimensional  plant  output-vector. 

A 

n\n  real-valued  matrix  (assumed  known  and  constant  for  now, 

but  will  be  considered  subject  to  uncertain  perturbations  AA  in 
Section  3.2), 

B 

nxr  real-valued,  constant,  known  matrix. 

C 

m  X  n  real-valued,  constant,  knovm  matrix  (assumed  to  have 
maximal  rank  m),  and 

F 

n  xp  real-valued,  constant,  known  matrix. 
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A  block  diagram  representation  of  the  class  of  plants  in  (2.1)  is  shown  in  Figure  2.1. 


Figure  2.1  Block  Diagram  Model  of  the  Class  of  Continuous-Time  Plants  Considered  in  This  Study. 


In  order  to  design  an  effective  servo-tracking  controller  for  the  class  of  plants  in  (2  1)  it  is 
generally  necessary  that  the  control  input  u(t)  be  able  to  “steer”  or  control  the  plant  state  x{f),  without 
restriction,  throughout  state-space.  For  this  reason,  it  is  assumed  that  the  plant  in  (2.1)  is  comnletelv 
controllable,  in  the  sense  of  Kalman.  That  is,  for  any  pair  of  states  (;c„,  xt)  there  exists  a  control  action 
u{t),  to  ^t£T<co,  which  can  control  the  plant  state  x(t)  from  the  state  Xo,  at  the  initial  time  to,  to  the 
state  x{T)  =  xt  at  some  finite  time  T  >  to. 


2.3.  Information  Aspects  of  the  Servo-Tracking  Problem 

The  typical  MIMO  servo-tracking  control  problem  consists  of  the  design  of  a  controller  that 
will  m^e  each  of  the  plant  outputs  y,{t)  quickly  coincide  with  and  thereafter  accurately  track  anv 
admissible  servo-command  y„<0,  /  =  0, 1, 2, ...,  m,  in  the  face  of  arbitraiy  plant  initial-conditions  xiQ  and 
uncertain,  unmeasurable  plant  disturbances  w{t)  of  a  specified  class.  To  accomplish  this  feat,  the  servo¬ 
tracking  controller  processes  real-time  information,  as  provided  to  it,  in  a  two-input/one-output  data- 
processing  operation  (algorithm)  as  shown  in  Figure  2.2.  Here,  the  real-time  inputs  to  the  algorithm  are 
the  w-dimensional  vector  of  plant-output  measurements  y  =  (y„y2,  -,y„)  and  the  w-dimensional 
vector  of  (assumed  independent)  servo-command  measurements  =(yoi>yc2,-,ycJ  •  In  general,  the 
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set  of  output  measurements  y{t)  does  not  necessarily  comprise  the  set  of  measurements  to  be  servo- 
controlled.  However,  in  this  report,  to  avoid  unnecessaiy  complexity,  it  is  assumed  that  the  set  of  output 
measurements  XO  do  in  fact  comprise  the  set  of  measurements  we  desire  to  control.  The  real-time  output 
of  the  algorithm  is  the  /--dimensional  vector  of  servo-tracking  control  signals  k  =  («i,W2, •••,«,.)  which 
drive  the  various  control  actuators  (final  control  elements)  that  alter  the  plant-state  motion  'x(t).  The 
quality  of  tracking  performance  achieved  by  a  servo-tracking  controller  is  directly  related  to  how  well  the 

controller  extracts  and  processes  the  usefiil  information  encoded  intoj^rCO  andXO  to  produce  the  control 
actuation  signal «(/). 


Real-Time  Sen/o-CJornmand 
Msasunement  Vector  >*(() 


Real-Time  Rant-Output 
Measurement  Vector  XO 


Real-Time  Servo-Tracking 

Servo -Tracking  v 

Control  Algorithm  7 


Figure  2.2  Typical  Servo-Tracking  Controller  Viewed  as  a  Two-Inpul/One-Output  Algorithm. 


in  the  ^  assumed,  for  simplicity,  that  the  control  actuators  are  “ideal” 

m  the  sense  ftat  they  ^ctly  replicate  the  associated  control  signal  «,</)  with  no  time-las  rinsins 

associated  with  specific  actuator  haidwate.  This  isumption 
enables  us  to  focus  attention  on  the  scientific  issue  of  maximizing  servo-ttacking  oerfotmance  with 
respect  to  the  »rvo-tracking  algorithm  design,  without  involving  the  various  of 

apphcatton-s^tficachtatorhardwam.  Of  course,  in  teal  applications,  an  appmpjto  ,^^^,^^01 

designterc;rfoTs;:“:slr  tap”eX::“ 

gyiO-  yci  (0 .  The  performance  of  a  servo-tracking  controller  is  usually  characterized  in  terms 

Ae  desleirnore'/-  T  ^0  defined  as  the  instantaneous  difference  between 

nntnnt  servo-command  y^t))  and  the  actual  response  (=  the  vector  nlant 

output  XO),  which  was  written  (in  Section  1.1)  as  H  t  me  vector  plant 

ey(t)=yc(.0-y(t). 

(z.zj 

Thus  the  task  of  the  servo-tracking  controller  is  to  regulate  the  tracking-error  in  (2  2)  to  zero  within  « 
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2.4.  Assumptions  Concerning  the  Availability  of  Measurements  of  the  Plant  Output  XO 
the  Servo-Command  ^^(i) 

The  digital  servo-controller  design  procedure  developed  in  this  study  assumes  that  only  real¬ 
time  discrete-time  measurements  of  the  plant-output  vector  y(f)  and  servo-command  vector  yj(f)  are 
available  as  inputs  to  the  servo-controller.  Those  discrete-time  measurements  are  obtained  from  a 
discrete-time  sensor  that  periodically  samples  the  vectors  y(0  and  yj(t)  and  then  communicates  those 
values  to  the  digital  servo-controller.  The  analog-to-digital  converter  (the  sampIe^old  device)  associated 
with  that  discrete-time  sensor  has  a  value  of  “hold  time”  Tthat  can  be  chosen  by  the  designer.  Therefore, 
it  is  assumed  that  the  inputs  to  the  control  algorithm  are  the  discrete-time  data  for  the  plant-output  vector 

y(kT)  and  the  servo-command  vector  and  the  output  of  the  servo-control  algorithm  is  the  control 
vector  u(kr). 


2.5.  Representation  of  Uncertainty  in  the  Servo-Tracking  Problem 

Some  examples  of  the  sources  of  uncertainty  that  can  arise  in  practical  servo-tracking  control 
systems  are  uncertain  loading  effects  on  the  plant,  dc  bias  effects,  modeling  errors,  uncertain  variations  in 
servo-commands,  sensor  noise,  etc.  The  time-domain  behavior  of  such  uncertain  “inputs”  can  be 
classified  into  two  broad  categories:  1)  noise-tvpe  behavior:  and  2)  waveform-structured  hehavinr 

inputs  are  characterized  by  random,  erratic  time-behavior  exhibiting  relatively 
high-frequency  components.  The  uncertain  time-behavior  of  such  inputs  is  best  described  by  “long-term 
average”  stetistical  properties  such  as  mean,  covariance,  power  spectral  density,  etc.,  based  on  the  input’s 
averapd  behavior  oyer  a  relatively  long  time-interval.  Examples  of  such  noise-type  inputs  are  fluid 
turbulence,  radio  static,  and  sensor  noise. 


A  large  class  of  industrial  control  problems  involve  uncertain  inputs  which  ^  not  behave  like 
noise-type  inputs.  In  particular,  they  are  not  random  and  erratic  in  time,  but  rather  their  time-behavior 

has  some  degree  of  regularity  or  “structure,”  at  least  over  short  windows-of-time  .  This  type  of 

time-behavior  is  referred  to  as  waveform-structured  behavior  [40].  A  typical  time^plot  of  a  generic 
unceitein  input  s(/)  having  waveform  structure  is  shown  in  Figure  2.3.  Inputs  of  this  type  can  be 
considered  analytical  over  each  interval  At,  with  uncertain  “jumps”  in  the  value,  derivatives,  etc  of  S(t) 

rnnTt?"®  i  time-intervals  A/,  Some  examples  of  wavefoim-structured  uncertain 

inputs  are  dynamic  loading  effects,  dc  bias  effects,  and  uncertain  servo-commands 
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Figure  2.3  Time-Plot  of  an  Uncertain  Input  S(/)  Having  Waveform  Structure. 


2.5.1.  A  Linear  Waveform  Model  and  Linear  State  Model  for  an  Uncertain 

Waveform-Structured  Input  5(1) 

The  class  of  practical  uncertain  inputs  (i.e.,  disturbances,  servo-commands)  addressed 
in  this  research  are  assumed  to  have  waveform  structure  in  the  sense  just  defined  and  the  uncertain  time- 
behavior  of  those  inputs  is  assumed  to  be  modeled  in  the  “linear  waveform  model”  [40]  format 

S(0  =  c,/i  (/)  +  C2/2  (/ )+•  •  -+0,/,  (t) ,  (2.3) 

where  the  set  of  functions  (hereafter  called  the  “basis  set”  [40]  for  s(/))  are  chosen  by  the 

designer  to  mirror  the  collection  of  independent  waveform  patterns  that  can  be  exhibited  by  S(f)  over 
short  time-windows  A/,.  The  weighting  coefficients  c„  i  =  1,  2,...,  q,  in  (2.3)  are  completely  unknown, 
uncontrollable,  and  unpredictable  “stepwise-constants”  that  may  “jump”in  value  at  the  edges  of  the  time- 
windows  M  as  shown  in  Figure  2.4.  In  some  cases,  S(/)  is  not  directly  measurable  and  must  be  estimated 
from  the  plant  output  X/).  In  those  cases,  the  servo-tracking  controller  will  be  unable  to  estimate  S(t)  and 
^apt  to  rapidly  changing  c,  values,  if  the  time-interval  At,  between  successive  jumps  in  the  c,  is  too  small 
Therefore  it  is  necessary  to  assume  that  the  jumping  of  the  c,’s  in  (2.3)  occur  only  occasionally  such  that, 
on  average,  the  minimum  spacing  At„i„  between  successive  jumps  is  somewhat  larger  than  the  digital 
servo-controller  sampling-period  T.  More  generally  (2.3)  may  be  used  to  represent  an  m-vector  s(/)  of 
uncertain  inputs  of  the  form  ^ 


(2.4) 


where  each  scalar  input  S,(t),  i  =  1, 2, ...,  m,  has  an  associated  linear  waveform-model  of  the  form  (2.3), 
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Figure  2.4  Uncertain  Stepwise-Constant  Time-Behavior  of  the  c,<t)’s  in  (2.3). 


The  first  step  in  accessing  the  useful  information  embedded  in  an  uncertain, 
waveform-structured  input  S,<0  is  to  identify  an  appropriate  set  of  basis  functions  {/j(r)}f  that  can 

model  the  time-behavior  of  S,</)  across  each  of  the  intervals  (A/,}.  Those  basis  functions  can  be 
determined  by  analyzing  historical  data  or  dynamic  characteristics  of  the  process  that  creates  the  input 
s,(0  or  through  visual  observation  or  computer  analysis  of  s,</)  recordings.  For  mathematical 
wnvenience,  it  is  fiii^er  assumed  that  each/<0  satisfies  some  linear  homogeneous  differential  equation 
J)/ with  constant  coefficients  (this  constant  coefficient  assumption  can  be  relaxed  to  known,  time-vaiying 
coefficients,  as  shown  in  [40]).  The  assumption  that  each/(/)  satisfies  some  linear  differential  equation 
is  rather  commonly  satisfied  in  realistic,  practical  problems.  The  governing  differential  equation  4  may 
differ  m  order  and/or  coefficient  values  for  each/(/).  Those  differential  equations  for  each  f,{i)  can  be 
combined  to  form  a  single  linear  homogeneous  differential  equation  £  which  can  be  written  as  (assuming 
m=  l;i.e.,  s,  =  s)  '  ^ 


I  ^  ^^'s(/) 

dt>^  ^ 


d>^^S{t) 


ds{t) 


+  ^  +  «,S(0  =  0. 


(2.5) 


'  ~2’  ’  ^  (knowable)  constants  that  depend  only  on  the  known  basis 

tunctions/(0;  «e.,  the  oj  donot  depend  on  the  “values”  of  the  totally  unknown  c^’s  in  (2.3). 

r-r  •  *  In  order  to  mathematically  account  for  the  uncertain  jumping  of  the  weighting 

to  theTft"  time-windows  an  impulsive-type  forcing  function  can  be  added 

luM  f  differential  equation  model  (2.5).  This  forcing  function  oKO  consists  of  impulses 

ets  etc.  with  completely  unknown  intensities  and  unknown  arrival-times.  With  the  addition  of  such 
a  symbolic  forcmg  term  (2.5)  becomes  ” 


dt'’  ^  dt^^ 


+  a 


p~\  ■ 


dt^^ 


+•••+«. 


^s(/) 

dt 


+  a,s(/)  =  6>(r) . 


(2.6) 
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The  uncertain,  stepwise-constant  behavior  of  the  C/’s  in  (2.3)  can  now  be  imagined  as  the  result  of  the 
action  of  oij)  on  the  solutions  S(/)  of  (2.6). 

To  utilize  (2.6)  in  developing  a  control  algorithm,  it  is  convenient  to  express  the 
uncertain  input  model  (2.6)  in  a  state-variable  format.  For  this  purpose,  write  s(/)  in  the  form 

S{t)  =  lq{t)  ,  (2.7) 


where 


t  =  (l,0,-,0) 

9  =  ’ 


and  where  the  qt  are  referred  to  as  “state-variables”  for  the  uncertain  input  S(0.  The  vector  q{t)  is  called 
a  state  vector  for  the  uncertain  input  because  at  each  /  it  embodies  the  “current”  information  needed  to 
predict  the  behavior  of  S(/)  over  the  time-interval  A//.  One  of  the  many  possible  choices  for  the  ^/’s  in 

(2.7)  is  the  phase  variable  choice.  That  is,  9,(/)  =  ^J^,  /  =  i,  2,  ...,  p.  Selecting  the  q^%  in  that 

way  and  using  (2.7)  allows  (2.6)  to  be  rewritten  equivalently  as  the  following  set  of  first-order,  coupled 
linear  differential  equations,  having  uncertain  Dirac  impulse  sequences  /q(r)  as  inputs  (the  latter  inputs 
represent  the  equivalent  effect  of  the  impulsive  forcing  term  oif)  in  (2.6)) 


9i(0  =  «'2(0  +  ^Pi(0;  ^i(0  =  S(0 

^2(0  =  ^3(0+a^2(0;  92(0  =  s(0 

'  ,  (2.8) 

qp^t)  =  -a,q,  (/)  -  02^2  {t)-.-a^qp{t)  +  *r^(/);  q^(t)  = 

where  the  /c;(r),  /  —  1,2, ...,  p ,  denote  sparse-in-time  sequences  of  unknown  impulses. 

Expressions  (2.7)  and  (2.8)  can  be  expressed  equivalently  in  the  compact  vector- 

matrix  format. 


where 


S(0  =  «?(/) 

q(.t)  =  Moq{t)  +  K{t) 


0  1 
0  0 


0 

1 

0 


-a,  -a2  -a^ 


0 

0 

1 


-a„ 


(2.9) 


In  the  general  case  where  m>l,  and  each 
corresponding  linear  state  model  is 


S,<r)  has  a  linear  waveform  model  as  in  (2.3),  the 
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where 


s(/)  =  Z9(0 

q{t)  =  Mq{t)  +  K{t)  ’ 


(2.10) 


S(/)  -  rti-dimensional  uncertain  vector  input  (given  in  (2.4))  which  may 
or  may  not  be  accessible  for  direct  on-line  measurement, 

qit)=  d-dimensional  “state”  vector  of  the  uncertain  input  S(/), 

L  -  m  X  d  constant,  real-valued  matrix, 

M  =  d  X  d  constant,  real-valued  matrix,  and 

“  d-dimensional  vector  of  time-sparse  sequences  of  unknown 
impulses  having  completely  unknown  intensities  and  arrival- 
times. 

constitutes  the  generic  continuous-time  state-model  for  the  uncertain  servo-commands 
MO  and  disturbances  ^(O  considered  in  this  report. 


2.5^.  An  Example 

f”  example  of  describing,  and  obtaining  a  state  model  for,  an  uncertain  waveform- 

SrcomhhTt  '''’”"?^®!  composed  of  a  landom-like,  weighted 

iS>r^sent^^ar  "  “odes  of  time-behavior.  Such  an  input  c^be 


S(/)  =  C,1  +  C2t+C3e 

Comparing  (2.1 1)  with  (2.3),  the  basis  functions  for  s(0  in  (2.1 1)  are  clearly 
f2(0  =  t; 


f3(t)  =  e  ",  where  a  is  assumed  known. 


A  simple  meAod  for  obtaining  the  differential  equation  for  s(0  over  the  intervals  (A/  )  is  to  take  the 

Laplacetransformof(2.11),assumingc.,ca,C3areconstant,toobtain  ^  ® 


S(s) 


^fL+^2  I  ^3  _  (^3  +(C|Qr  +  C2)5  +  C2a 


s  +  a 


^(s  +  a) 


Q(s) 


(2.12) 
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Following  the  technique  used  in  [40],  imagine  that  s(/)  is  the  output  of  a  fictitious  linear-dynamical 
system  subject  to  initial  conditions  S(0),  s(0),  S(0) ,  which  give  rise  to  the  term  P(s)  in  (2.12).  This 
imaginaiy  linear-dynamical  system  has  the  transfer  function 


G(s)  = 


1 

Q(S) 


where  Q(s)  =  s^  +  as^ . 


(2.13) 


The  input  S(/)  can  now  be  imagined  as  satisfying  an  impulsive  forced  third-order  differential  equation  of 
the  form 


— -T  +g - ^ 

dt^  dt^ 


=  a){t). 


(2.14) 


where  fi)(t)  is  an  uncertain,  impulsive-type  external  forcing  function  that  mathematically  accounts  for 
the  sparse-in-time  jumping  of  the  c,  coefficients  in  (2.11).  To  determine  an  appropriate  state-variable 
model  representing  the  dynamics  of  (2.11),  the  third-order  differential  equation  in  (2.14)  is  rewritten 
equivalently  as  the  following  set  of  first-order,  coupled  differential  equations  having  uncertain  Dirac 
impulse  sequences  as  inputs  (as  described  above  (2.8)) 

9i(0  =  92(0  +  *^i(0;  9i(0  =  S(0 

92(0=93(0+Af2(0;  ^2(0=s(/)  ,  (2.15) 

q^{t)  =  -aq^{t)+K^{t)■,  ^3(/)  =  s(r) 


where  the  K^(t),  Kjit),  and  K^it)  are  unknown,  time-sparse  sequences  of  impulses  that  represent  the 
equivalent  action  of  cD(t)  in  (2.14).  For  convenience,  (2.15)  can  be  expressed  in  the  compact  vector- 
matrix  format 


S(0  =  (1  0  0)git)  ; 


q=(.qi,q2,q3) 


0  1  0 

0  0  1 

0  0  -a 


9(0 +  *:(/) 


which  is  equivalent  to  the  general  continuous-time  state-model  in  (2.10). 


(2.16) 


2.6. 


A  Discrete-Time  Model  for  the  Generic  Linear  Dynamical  Plant  in  (2.1) 


I,  •  effort  is  concerned  with  the  digital  control  of  continuous-time  physical  systems 

with  physic^  inputs  {u(t),  w(0}  and  outputs  y(0  that  are  continuous-time  variables.  In  contrit  the 

(  ariables  that  are  measured  or  changed  only  at  the  discrete  times  /  =  to^kT,  it  =  0  1  2  )  In  order  to 

effectively  design  a  digital  servo-controller  (control  algorithm  for  generating  u^)  for’th’e  general  class 
of  plants  under  consideration,  the  basic  continuous-time  plant-model  in  (2.1)  must  be  converted  to  an 
equivalent  discrete-time  model.  This  discrete-time  model  is  a  conventional  difference  equation  wW^ 
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describes  how  the  values  of  ^(/)  and  y{t)  evolve  for  the  discrete  times  t^t^^kT  ^  ^  =  0,  I,  2  The 

following  development  of  a  discrete-time  model  for  the  plant  in  (2.1)  closeV  follows  thlt  presented  in 
L33J.  Recall  that  the  general  solution  of  the  continuous-time  differential  equation  in  (2.1)  can  be  written 


j:(0  =  <I>(t,/jAf(/„)+  f  f'  0(/,r)/w(r)c/r,  (2.17) 

•'/jj 

where  is  the  state  transition  matrix  for  ^  in  (2.1)  and  is  uniquely  defined  by  the  matric  differential 
equation 


dt 


with  the  special  initial  condition 

where  I  is  the  nxn  identity  matrix. 

Now,  recalling  that  7  is  a  fixed  positive  constant,  set  t->(t„  +  7),  and  then  set 
*0  (.K  +  kT),  in  (2.17).  As  is  typical  in  conventional  digital  control  problems,  it  is  assumed  that  the 

control  actfon  n(t)  in  (2.17)  ta  of  the  “zenMtrder-hold”  (z.oJ,.)  type;  U.,  »(0  remains  constant 
( M(/)  -  u{kT)  -  a  constant )  over  each  sample  period,  /„  +  A:7  <  t  <  r„  +  (A:  + 1)7 .  This  fact  allows  (2. 1 7) 
to  be  written  as  the  following  discrete-time  state-model  (difference  equation  model)  [33]; 

x({k  + 1)7)  =  Ax{kT) + Bu{kT) + v{{k  + 1)7) ,  (2  j  g) 

where  kT  is  hereafter  used  as  shorthand  notation  for  /„+;t7,  and 

A  =  (S>(ik  +  \)T,kT)  _ 

_  is  assumed  constant. 


Jo 


B  is  assumed  constant. 


V  ((^  + 1)7)  =  -h  1)7,  T)Fw{t)dT 

fT  ;  ^  is  assumed  constant. 

=  e^^'^-^^FM>{T  +  kT)dT 

The  discrete-time  plant-output  relationship  corresponding  to  (2. 1 8)  is 
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yikJ)  =  Cx{kT). 


(2.19) 

Note  that  (2.18)  relates  the  “next”  value  x{{k+\)T)  of  jc  to  the  current  value  x{kT)  ofx  at  the 
tune  r  =  kT.  However,  the  evaluation  of  v((k  +  l)T)  in  (2.18)  requires  knowledge  of  w(r)  over  the  entire 
interval  kT£r^(k  +  l)T .  In  general,  at  the  time  /  =  ^7 it  is  impossible  to  accurately  and  consistently 
predict  the  time-behavior  of  the  uncertain,  unmeasurable  disturbances  w(/)  over  the  remainder  of  that 
sampling-interval.  Therefore  to  make  (2.18)  practically  useful,  it  is  necessary  to  further  investigate  and 
approximate  the  term  v((^  +  l)r).  It  will  now  be  shown  that  the  term  v((;t  +  l)r)  in  (2.18)  can  be 

simplified  by  introducing  a  waveform-model  for  the  time-variations  of  the  uncertain,  unmeasurable 
disturbances  w(z). 

Disturbances  were  defined  in  Subsection  1.2.2  as  uncontrollable  inputs  which  act  on  a 
djmamical  system.  Unlike  the  servo-commands,  disturbances  are  usually  not  directly  measurable.  For 
this  research,  the  disturbances  w(t)  are  assumed  to  have  waveform  structure  and  to  have  a  linear  state- 
model  (2.10)  of  the  form 

w(o=m) 

z(t)  =  D2(t)  +  a(t)  ’  (2-20) 


as  developed  in  Section  2.5  and  where 


M'(/)  -  /7-dimensional  vector  of  independent  disturbances  (defined  in  (2.1)), 

that  are  not  accessible  for  direct  on-line  measurement, 

^(0  ~  p-dimensional  state-vector  for  the  disturbance  wit), 

H  =  /?  X  p  real-valued,  constant  matrix, 

D  =  p  X  p  real-valued,  constant  matrix,  and 

o(0  =  a  p-vector  of  sparse  sequences  akt)  of  unknown  impulses  having 

completely  unknown  intensities  and  arrival-times. 


Expression  (2.20)  represents  the  general  continuous-time  state-model  for  the  uncertain 
unm^urable  disturbances  considered  in  this  study.  Proceeding  as  in  [33],  the  state  model  in  (2  20)  can’ 
now  be  used  to  simplify  the  term  v((^  + 1)7)  in  (2.18).  For  this  purpose  one  replaces  r  by  t  in  (2.20), 
and  substitutes  the  result  into  v{{k  + 1)7)  in  (2. 1 8)  to  obtain 


v(ik  + 1)7)  =  +  kT)dT . 


(2.21) 


,n  o  similar  to  that  used  to  obtain  xit)  in  (2.17),  the  general  solution  of 

in  (2.21)  can  be  written  as 
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(2.22) 


2{r)  =  <br,ir,kT)z{kT)+ 


where  represents  the  state  transition  matrix  for  matrix  D  in  (2.20).  Substituting  (2.22)  into  (2.21)  and 
simplifying  terms  yields  the  following  result  [33]  (recall  that  is  a  constant  matrix) 

V  ((^  +  l)r)  =  FHzikT) + rikT) ,  (2.23) 

where 


FH=  , 

Jo  ’ 

and 

r(kT)  =  kT)d^T . 


Consolidating  (2.18),  (2.19),  and  (2.23)  yields  the  “exact”  discrete-time  plant-model 


x({k  +  or)  =  Ax{kT) + Bti{kT) + FHz{kT) + y  (itJ) 
y  =  Cx{kT) 


(2.24) 


which  is  mathematically  equivalent  to  (2.18),  under  the  assumption  (2.20). 

A  discrete-time  model  for  the  time  evolution  of  z{kT)  can  be  developed  by  letting 
r  r,  -H  (A: + l)r  in  (2.22)  and  recalling  that  (Ah- or  denotes  4+(AH-l)r  to  obtain 


z{{k  -f-  or)  =  Dz{kT)  -H  ^(itr) , 


where 


(2.25) 


D  =  e^^ 


and 


D  is  assumed  constant, 


^{kT)  =  kT)d4 . 


Expressions  (2.24)  and  (2.25)  can  now  be  combined  to  form  the 

time  model 


“exact”  composite  discrete- 
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(2.26) 


A^((A:  +  l)r)) 
z{{k  +  \)T)) 


A 

fh( 

0 

\z{kT)) 


loj '  U(Ar) 


The  quantities  yikT)  and  B{kT)  in  (2.26)  are  an  accumulation,  from  kT  to  (iH-l)r,  of  the 
effects  of  the  completely  unknown,  unpredictable,  and  unmeasurable  sparse  impulses  o(/)  associated  with 
the  disturbance  model  (2.20)  and  which  arrive  during  the  “intersample  interval”  kT <t <{k-\-\)T 

between  successive  sampling  instants  [33].  Since  the  arrival-times  and  intensities  of  the  o(/)  impulses 
^e  assumed  ^o  be  completely  unknown,  there  is  no  rational,  scientific  way  to  predict  the  values  of 
y  (kT)  and  (T(kT) .  Disregarding  the  y  (kT)  and  cr(kT)  terms  will  necessarily  introduce  errors,  that 
accumulate  only  from  kT  to  (k^\)T,  in  the  predicted  values  of  j:((^+1)7)  and  z((k^\)T)  as  determined  by 
(2.26).  To  avoid  those  errors  being  too  significant,  it  is  necessary  to  invoke  the  assumption  (from 
Section  2.5)  that  the  o(0  impulses  (denoted  as  </)  in  Section  2.5)  occur  only  occasionally  (sparse-in- 
time),  with  minimum  spacing  at  A4iin  between  successive  impulses  being  somewhat  larger  than  the 
sampling-period  T  [33].  That  assumption  results  in  the  5(kT)  and  y(kT)  terms  remaining  “quiet” 
during  most  intersample  intervals.  Consequently,  the  B(kT)  and  y(kT)  terms  are  disregarded 
throughout  the  design  process. 


2.7.  Introduction  of  a  Discrete-Time  Evolution  Equation  for  the  Servo-Tracking  Error 

*  U-I  *.  As  previously  stated,  a  digital  servo-tracking  controller  u(kT)  must  achieve  closed-loop 
stability  for  the  (possibly  unstable)  plant,  and  simultaneously  quickly  achieve  and  maintain  accurate 
serv^trackmg.  The  packing-error”  in  (2.2)  is  the  single  most  important  entity  for  measuring  servo- 
tracking  controller  performance.  In  terms  of  discrete-time,  t  =  kT,  that  tracking-error  is  written  as 

^yikT)  =  y,(kT)-y(kT). 


The  term  ^A:7)  will  hereafter  referred  to  as  the  discrete-time  servo-tracking  error.  Thus,  the  task  of 
the  digital  servo-tracking  controller  is  to  regulate  the  tracking-error  in  (2.27)  to  zero  with  a  prescribed 

setthp-time  Md  hereafter  maintain  e^kT)  acceptably  near  zero  in  the  face  of  all  anticipated 
uncertainties.  That  is,  the  digital  controller  must  achieve  ^ 


E  (kT)-^0 


^=0,1,2, ..., 


(2.28) 


m  a  sufficiently  small  amount  of  time,  and  maintain  |£’^(it7’)|j «  0  thereafter. 

ronrif  ^  fimdamental  necessaiy  condition  (called  the  “trackability 

condition  )  for  achievement  of  theoretically  exact  MIMO  servo-tracking,  y(t)^y  (t)  v  /  is  that  the 

;iT;rThk  consistently  lie  in  the  column  range-space  of  the  plant  output  matrix  C 

m  (2. 1 ).  This  fundamental  necessary  condition  can  be  expressed  as  ^ 
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>',(Oe«[C]  V?; 


5R[*]  =  column  range-space  of  [•] , 


(2.29) 


or  equivalently, 

rank[C  |  y,(0]  s  rank[C]  V  / .  (2.30) 

5'®  f  (2.29)  and  (2.30)  are  satisfied  for  the  y^t)  being  considered.  It  is  remarked  that 

II  (2.29)  and  (2.30)  are  satisfied  the  command  y^t)  is  “improper”  for  the  plant  in  (2.1),  in  the  sense 
that,  even  under  conditions,  it  is  physically  and  mathematically  impossible  for  the  pl^t  output  Ut) 
to  consistently  equal  yc(t),  for  all  t.  J'y  ^ 

To  proceed  with  the  development  of  the  new  digital  servo-controller  design  methodology  it  is 
first  necessary  to  develop  a  state-model  representation  of  the  time-behavior  of  the  uncertain  servo- 
commands  y^t).  The  elements  y„(/)  of  the  servo-command  vector  y<</)  are  assumed  to  be  uncertain  time- 
varying  inputs  which  have  “waveform  structure”  and  have  a  corresponding  linear  state-model  of  the  form 

yAt)  =  Gc(t) 

c(t)  =  Ec(t)+/i(t)  ’  (2-31) 

as  discussed  in  Section  2.5  and  where 


MO  -  w-vector  of  independent  servo-commands  (defined  in  Section  2.3) 
accessible  for  measurement  only  in  discrete  real-time, 

c(t)  —  v-dimensional  state-vector  for  the  servo-command  y^t), 

G  =  m  X  V  constant,  real-valued  matrix, 

E  =  V  X  V  constant,  real-valued  matrix,  and 

A<0  =  a  v-vector  of  sparse-in-time  sequences  of  unknown,  unmeasurable 

impulses  /^<r)  having  completely  unknown  intensities  and  arrival- 
times. 


Expression  (2.31)  constitutes  the  generic  continuous-time 
to  be  considered  in  this  report. 


state-model  for  the  uncertain 


servo-commands 


Substituting  (2.31)  into  (2.29)  yields  the  expression 
Gc(0eM[C]  Vt. 


(2.32) 


Secto  2.5  and  (2J1)  tt,a.  ,h=  -state"  c(0  of  the  serv<.cot™and  is  a  completely  arbiinny  v- 
veotor,  therefore  the  necessaiy  and  sufficient  condition  for  achieving  exact  servo-tracking  ( e  (!)  .Tfor 
some  x{t))  is  equivalent  to  requiring  that  [37],  ^ 


lR[G]c9l[C], 
in  the  state-model  (2.31). 


(2.33) 
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Satisfaction  of  condition  (2.33)  implies  that  it  is  possible  to  express  each  column  of  the 
matrix  G  as  some  linear  combination  of  the  columns  of  C.  That  is, 


G-Cd  ,  (2.34) 

for  some  (possibly  nonunique)  matrix  0.  The  factorization  in  (2.34)  assures  that  at  each  t  it  is 
mathematically  possible  to  have 


£y(t)  =  yc(O-Cx(t)  =  0, 


(2.35) 


for  some  x(f).  However,  it  is  further  necessary  to  invoke  the  complete  controllability  condition  to  assure 
that  the  required  x(t)  in  (2.35)  can  be  attained  by  an  admissible  control  input  u(t),  in  general. 

To  develop  the  discrete-time  evolution  equation  for  e^kT)  in  (2.27),  it  is  necessary  to  convert 
the  continuous-time  servo-command  model  in  (2.31)  to  an  equivalent  discrete-time  model.  A  discrete¬ 
time  model  for  the  time-evolution  of  the  servo-command  state  c(kT)  can  be  developed  by  a  method 
similar  to  that  used  in  Section  2.6  to  obtain  (2.25).  In  that  way,  the  final  form  of  the  discrete-time  state 
model  for  the  uncertain  servo-command,  having  dynamics  modeled  by  (2.3 1),  is 


y,(kT)  =  Gc(kT) 

c((k  +  l)T)  =  Ec(kT)+  p(kT) 


fc  —  (C|,C2,***,Cy) 

[//=(//, ,//2,-,//v) 


(2.36) 


where 


E  =  e 


ET 


and 


MikT)  = 

The  quantity  ^{kT)  in  (2.36)  is  a  v-vector  of  completely  unknown,  unpredictable,  and 
unmeasurable  “residual-effects”  caused  by  the  arrival  of  uncertain  /</)  impulses  (2.31)  during  the 
interval  bet^  the  sampling  instants  kT<t<{k  +  \)T.  Since  the  arrival-times  and  intensities  of  the 
//(/)  impulses  are  completely  unknown,  there  is  no  rational,  scientific  way  to  predict  the  value  of  /u(kT) 

Therefore  for  the  reasons  discussed  below  (2.26),  and  as  advocated  in  [33],  the  Ji(kT)  term  will  be 
ignored  throughout  the  design  process. 

Substituting  (2.19),  (2.36),  and  (2.34)  into  (2.27)  yields 

€yikr)  =  Gc(kT)-Cx(kT) 

=  C{0c(kr)-x(kT))  ’  (2.37) 

where  c(kT)  is  the  state  of  the  servo-command  y^it)  at  the  discrete  time  t  =  kT  k  =  0  I  2  ac 
indicated  in  (2.36).  ’  ’>>•••> 
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In  [37],  Johnson  developed  a  novel  method  for  studying  and  controlling  the  time-evolution  of 
the  servo-tracking  error  By  by  introducing  what  he  called  the  “servo-state”  vector  e,//)  associated  with  the 
servo-tracking  problem.  For  purposes  of  the  present  study  the  servo-state  vector  introduced  in  [37]  is 
expressed  (in  discrete-time)  as 


A 

e,,ikT)  =  ec(kT)-x{kT).  (2.38) 

Thus,  Bs^kT)  is  an  /i-dimensional  vector  representing  the  difference  between  the  n-vector  SbiJcT)  and  the 
plant  state  MJcJ).  Using  (2.38)  to  express  the  servo-tracking  error  e^kT)  in  (2.37)  turns  out  to  be  a  key 

idea  in  fte  development  of  an  all-algebraic  servo-tracking  design  technique.  In  particular,  using  (2.38), 

expression  (2.37)  can  be  written  as  ’ 

ey{kT)  =  Ce^{kT) .  (2.39) 

It  is  clear  from  (2.39)  that  the  servo-tracking  error  will  be  zero  at  each  of  the  sample  times  t  — 
kT,  k  =  Q,  1,2,  if,  and  only  if,  the  motions  of  the  vector  eJJcT)  remain  confined  to  the  null-space  of 
C.  The  discrete-time  servo-tracking  control  task  can  now  be  viewed  (ideally)  as  the  design  of  an 
algorithm  for  the  digital  control  v{kT)  such  that  the  servo-state  vector  eJkT)  rapidly  approaches,  and 
thereafter  stays  within,  the  nullspace  of  C,  or  equivalently,  Ce^{kT)-^  0 .  Therefore,  the  digital  servo- 
controller  design  task  is  reduced  to  a  discrete-time  Imear  subspace  stabilization  problem  for  the  servo- 
state  vector  e,^kT).  The  linear  subspace  stabilization  problem,  introduced  in  [76],  is  a  generalization  of 
the  conventional  null-point  stabilization  problem  where  the  null-point  is  generalized  to  an  (n-m\- 
dimensional  null-space. 

discrete-time  evolution  equation  for  es^kT)  is  determined  by  forward  shifting  (2.38)  once 

as  follows: 


e„((^  + 1)70  =  0c{{k  + 1)70  -  x{{k  + 1)70  • 
Substituting  (2.24)  and  (2.36)  into  (2.40)  yields 


(2.40) 


((^  + 1)7’)  =  eicikT)  +  eji{kT)  -  Ax{kT)  -  Bu{kT)  -  FHz{kT)  -  y{kT) , 
and  incorporating  (2.38)  into  (2.41)  yields 


(2.41) 


+  OT”)  =  Ae^X^T)  -  Bu(kT)  +  -  A0y(kT)  -  FHz(kT) 

+  0p(kr)-r(kD 


(2.42) 


For  reasons  discussed  below  (2.26)  and  (2.36),  the  teims  p(kr)  and  r(kT)  in  (2.42)  have 
been  disregarded.  Ignoring  those  terms  allows  one  to  re-write  (2.42)  in  the  truncated  form 

+  1)7’)  =  Ae,XkT) -  Bu{kT)  +  i^eS -  Ae)c{kT) -  FHzikT) ,  (2.43) 

where  the  notion  hKllcates  that  the  effect  of  the  term,  »r)  and  f^kT)  have  been  ignored. 
Accordingly,  (2.39)  is  re-written  as 
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8y{kT)  =  Ce^{kT). 


(2.44) 


2.8.  Information  Aspects  of  the  e^(kT)  Snbspace  Stabilization  Problem 


With  respect  to  (2.43)  and  (2.44)  the  task  of  the  digital  servo-tracking  controller  is  (ideally)  to 
quickly  regulate  the  servo-state  vector  e^{kT)  in  (2.43)  to  the  null-space  of  the  matrix  C  (e.g., 

e„(A:7’)->N[C],  where,  hereafter,  N[«]  indicates  the  null-space  of  [•])  and  maintain  gN[C] 

thereafter.  However,  the  structure  of  the  matrices  A,  B ,  C,  FH ,  and  E  might  not  permit  e^(kT)  to 
be  made  invariant  with  respect  to  the  entire  N[C]  for  arbitraiy  disturbances  w(f)  and  servo-commands 
yXO-  Consequently,  in  the  most  general  case,  the  servo-control  designer  must  strive  to  control  e^^(kT) 
to  some  subspace  c  t<[C] ,  v  =  0,  1,  2,  . . . ,  n-m,  where  V  indicates  the  dimension  of  the  subspace  S. 
That  is,  one  should  seek  a  matrix  C  and  design  u(kT)  to  achieve 

e^(kT)  -^S^=  t<[c]  c  N[C] ;  A:  =  0,  1, 2, ...  ,  (2.45) 


where  C  is  an  («  -  v)  x  «  partitioned  matrix  of  the  form 


(2.46) 


and  where  P  is  any  (n-m-V)  x  n  matrix  such  that 

rank[C]  =  w-v,  (since  it  is  assumed  that  rank[C]  =  m,  it  follows  that 
rank[P]  =  n-m-y) 


and 


i<[c]en[c]. 

The  columns  of  C  so  defined  form  a  basis  for  the  “orthogonal  complement”  of  Sy.  To  study  the 
dynamics  of  e^{kT)  relative  to  Sy  it  suffices  to  study  Ce^{kT)  (compare  to  (2.45)).  Therefore,  it  is 
desirable  to  find  the  subspace  cN[C]  of  largest  dimension  V  (largest  “landing  zone”  for  e^^kT)) 
such  that  e,,{kT)  can  be  stabilized  to  and  thereafter  remain  within  the  subspace  Sy  as  illustrated  in 
Figure  2.5.  This  latter  problem  can  be  stated  in  terms  of  the  subspace  stability  concepts  introduced  in 
[74]  and  used  in  [37].  That  is,  u{kT)  should  be  designed  such  that  some  linear  subspace 
^y  converted  into  a  uniformly  asymptotically-stable  invariant-subspace  for  the  closed- 

loop  system  (2.43)  and  such  that  the  motions  of  e^{kT) ,  within  the  subspace  Sy,  remain  bounded  for  all 

bounded  servo-command  state  motions  c{kT)  and  disturbance  state  motions  z(JkT).  The  choice  of  P  in 
(2.46)  will  be  explained  later  in  Subsection  2.1 1.7. 
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Figure  2.5  Stabilization  of  to  Some  Linear  Subspace  c  N[c] . 


-  technical  conditions  must  be  met  in  order  for  there  to  exist  a  u(kr)  that  can  make 

WT)  quickly  and  accurately  approach  a  given  subspace  cN[C]  and  become  invariant  to  in  the 

behaviors  of  c(kT)  and  z(kT).  These  conditions  govern  the  design  of  the 
digital  servo-tracking  controller  «(^7)  and  will  be  discussed  individually  as  their  need  arises  inX  desi^ 

procedure  developed  in  the  following  sections.  ncca  arises  m  tne  design 


2.9.  Decomposition  of  the  Digital  Servo-Tracking  Control-Effort 

To  develop  a  digital  control  law  (algorithm  for  generating  u(kT))  the  standard  cnntrni  t^fFnrt 
d^posmon  as  used  in  DAC  toeno.  [40,71,72]  will  be  invoked.  TMs  Si,:' „Sna  to 

totai  (vector)  conlro|.effort«(t7)  into  a  sum  of  individuai  (vector)  tenns  as  follows:  ^  * 


(2.47) 


»m  =  u^(kT)  +  Up(kr), 

where  each  term  in  (2.47)  is  assigned  a  specific  task. 

Collectively,  the  control  terms  in  (2.47)  are  responsible  for  achieving  closed-boo  stabilitv 
and  regulating  e^(kT)  to  a  subspace  5,  cX[C],  thereby  controlling  the  servo-tracking  eiror  ^;t7)  to 
^ra  The  control  term  u,,(kT)  ,s  responsible  for  counteracting  the  effects  of  the  disturbances  w(t)  and 
the  -disturbancc-likc-  effects  of  the  servo-commandsMO  on  the  setvo-Packing  error  in  (2^7™’°™ 
«,(kr)  IS  responsibie  for  stabilizing  die  servo-sMe  vector  to  a  designated  snbsU  S, 
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while  achieving  an  acceptable  closed-loop  settling-time  for  the  servo-tracking  error  Sy,  assuming  u^^{kT) 
is  performing  its  task.  Substituting  (2.47)  into  (2.43),  and  re-grouping  terms,  yields 


e^{{k  +  \)T)  =  Ae^(kT)  -  Bup(kr)  +  [(0E-  Ae)c(kT)  -  FHzikT)  -  Bu,^(kr) 


(2.48) 


From  consideration  of  (2.48)  and  (2.45)  it  is  clear  that  the  individual  tasks  of  and  Up  can  be 
expressed  mathematically  as  two  conditions  which  must  be  satisfied  simultaneously.  The  condition 
associated  with  u^{kT)  is 


(m  -  A  9y:{kT)  -  FHzikT)  -  Bu,^  (kT) 


-0; 


V  c(kT)  and  z(kT^ , 


which  can  be  written  as 


(2.49) 


0E-A9\-FH 


V 


'c(kT) 


-Bu,,(kr)\^0 


(2.50) 


Since  y^t)  and  w{t)  almost  always  originate  from  completely  different  (and  uncorrelated)  sources,  in 
general,  the  necessary  and  sufficient  condition  for  existence  of  a  UscikT)  satisfying  (2.50),  for  all  dkT) 
and  z(kT),  is 


rank 


ceE-CAO  \c fh\cb 


=  rank 


[Cfi], 


which  is  equivalent  to  the  two  simultaneous  conditions 
rank[c OE -^6  \  C^]  =  rankjcfi] , 
and 


rank 


cfh\cb 


=  rank 


[Ci], 


(2.51) 


(2.52) 


(2.53) 


decomposition  in  (2.52)  and  (2.53)  suggests  that  the  control  term  in  (2.48)  can  be 
lurther  split  into  two  terms  as  follows 


u,,{kT)  =  u^{kT)  +  u^{kT), 
allowing  (2.47)  to  be  rewritten  as 

u{kT)  =  (kT)  +  u,  (kT)  +  w  (kT) . 


(2.54) 


(2.55) 


WA  i??  counteracting  the  “disturbance-like”  effects  of  the  servo-commands 

responsible  for  counteracting  the  effects  of  the  disturbances  w(t)  as  they  appear  in 

(2.48).  Mathematically,  the  tasks  of«XA7)  and  r/^^7)  are  to  achieve  the  identities  ^ 
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c]jHzikT)  +  Bu,{kT) 


-0; 


and 


V  2(^:7),  k  =  Q,\,2,...,  (2.56) 


=  Vc(Ar),  k=0,\,2,...  .  (2.57) 

The  necessaiy  and  sufficient  conditions  for  existence  of  a  u/JcT)  satisfying  (2.57)  and  a  uJ^kT)  satisfying 
(2.56)  for  all  c(A:7)  and  z(kT)  are  given  in  (2.52)  and  (2.53),  respectively. 

The  task  of  u^kT)  is  to  ensure  that  all  solutions  e„(/t7)  of 

essiik  +  DT)  =  Ae^ikT)  -  Bu^^kT) ,  (2.58) 


are  asymptotically-stable  to  a  designated  subspace  . 


It  is  remarked  that,  in  special  cases,  it  may  be  possible  to  satisfy  (2.49)  even  though  (2.51)  or 
(2-53)  fail  to  be  satisfied.  For  instance,  under  the  very  special  case  where  it  naturally  turns  out 


that  C 


{BE  -  A0)c(kT)  -  FHz{kT) 


=  0 ,  it  suffices  to  choose  u^{kT)  =  0  in  (2.49),  in  which  case  (2.51) 


is  not  necessaiy.  However,  such  special  cases  are  highly  unlikely  in  practice. 


In  Ae  next  section,  the  design  procedure  for  u(JcT)  will  be  developed  for  the  “ideal  case”  in 
which  the  availability  of  accurate  “sampled”  on-line,  real-time  measurements  of  the  states  x(kT),  z(JkT), 
and  c{kT)  are  assumed.  In  practice,  this  is  not  a  realistic  assumption,  because  the  disturbances  w(/)  are 
completely  unmeasurable  and  moreover  the  states  z{kT)  and  c(kT)  are  related  to  unmeasurable  physical 
attnbutes  of  the  usually  uncorrelated  disturbance  and  servo-command  functions,  respectively  Therefore 
a  physically-realizable  approximation  of  the  “ideal  solution”  will  be  presented  in  Subsections  2.13.2  and 
2.13.3  at  the  completion  of  the  idealized  design  procedure  for  u{kT). 


2.10.  Conditions  for  Complete  Cancellation  of  Disturbance-Like  Terms  in  the  Servo-Trackine 
Error  Discrete-Time  Evolution  Equation 

To  accomplish  the  goal  of  making  e,,(kT)  in  (2.48)  remain  invariant  with  respect  to  some 
subspace  ,  it  is  necessary  that  the  digital-control  terms  uJiJiT)  and  uJikT)  in  (2.54)  be  designed 

such  that  the  disturbance-like  terms  in  (2.48)  have  no  affect  on  the  behavior  of  the  tracking-error  sAkT) 
However,  recall  that  the  behavior  of  the  external  disturbance  w(0  and  the  servo-command  iS)  is 
uncertain  and  time-v^ing.  The  disturbance  w{t)  acts  continuously  on  the  plant  (and  consequently  on  the 

fnH  A" TA  continuously  affects  the  servo-tracking  error  (refer  to  (2.1) 

(  .  )).  a  dition,  recall  that  the  conventional  digital-controller  maintains  a  constant  control-action 
between  consecutive  sampling  times  {kT,  (A+l)7).  Also  recall  that  the  servo-state  vector  in  (2.42)  is 
subjected  to  the  totally  unknown,  sparse-in-time  random-like  impulses  CT(/)and  /j(0  (disregarded  for 
design  purposes,  but  present  in  application)  inherent  in  the  time-behavior  of  the  external  disturbance  w(() 
and  servo-command  y^t),  respectively,  and  that  those  impulses  cause  the  r{kT)  and  li{kT)  terms  in 
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(2.42)  to  impose  a  limit  on  the  degree  of  “disturbance”  cancellation  that  can  be  obtained.  This  makes  it 
technically  impossible  for  the  stepwise-constant  digital  control-action  u(kT)  to  completely  cancel  the 
effects  of  a  non-constant  disturbance  m'(/)  and/or  a  non-constant  servo-command  yc(0  on  the  continuous¬ 
time  behavior  of  ey(f),  for  all  time  kT <t  <{k  + 1)?* .  Therefore,  the  prudent  alternative  introduced  in 
discrete-time  DAC  theory  [33]  is  to  define  “complete  disturbance-cancellation  in  discrete-time”  as 

(ideally)  total  cancellation  of  the  effects  of  the  disturbance-related  terms  {dE -A^{kT)- FHz{kT) 

on  the  motion  of  e^t),  as  they  appear  at  the  isolated  sample-times  t  =  kT,  k  =  0,  \,2,  ...  .  Thus, 
following  this  line  of  reasoning,  the  task  is  to  design  the  control  terms  uJikT)  and  Us{kT)  in  (2.54)  to 
achieve  complete  disturbance-cancellation  of  w{t)  and  the  disturbance-like  effects  caused  by  ydt)  as  they 
affect  the  behavior  of  the  servo-tracking  error  in  (2.44). 

It  is  clear  from  (2.43)  and  (2.44)  that  complete  disturbance-cancellation  on  the  servo-tracking 
error  Sy^kT)  can  be  achieved  at  each  sample  time  t  =  kT,  k  =  0,  1,2, ...,  if,  and  only  if,  all  motions  of 

j  that  can  be  affected  by  the  disturbance  H'(t)  and  the  disturbance-like  effects  of  the  servo- 

command  are  confined  to  the  subspace  S„  =n[c]cK[C].  For  convenience,  the  term  C  is  carried 

symbolically  throughout  the  computations  in  this  section.  A  procedure  for  choosing  Sv,  computing  C 
and  designing  Uc  and  for  that  particular  C  is  presented  in  the  next  section.  Recall  from  below  (2.57) 
that  the  control  terms  Uc{kT)  and  u^kT)  satisfying  (2.56)  and  (2.57)  exist  if,  and  only  if  conditions  (2.53) 
and  (2.52)  are  satisfied.  Those  expressions  imply  that 


BT^  +  FH 


=  0, 


and 


c]^eE-Ae-Er,Y^ 


(2.59) 


(2.60) 


for  some  r  x  p  matrix  ,  some  r  x  v  matrix  F,,  and  the  chosen  C  . 

If  the  conditions  (2.59)  and  (2.60)  are  achieved,  the  control  terms  uJfjkT)  and  ujUcT)  (satisfying 
(2.56)  and  (2.57))  may  be  chosen  ideally  as 

—  ^ c^^kT) ,  (7 


u,(kr)=r,c(kT). 


(2.62) 
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2.11.  Design  oi  u(kT)  to  Stabilize  the  Servo-State  ejkl)  to  a  Subspace 
Achieving  an  Acceptable  Closed-Loop  Settling-Time 

.4  Structure  of  the  idealized  servo-tracking  control  terms  uJ^kT)  and  u^kT)  was  given  in 
(2.61)  and  (2.62).  The  structure  of  the  idealized  servo-tracking  control  term  uMT)  in  (2.47)  will  be 
postulated  in  the  linear  state-feedback  form: 


Up{kT)  =  -K^e,{kT) 

=  -Kp{ec{kT)-x{kT)) 


(2.63) 


where  Kp  is  an  r  xn  constant  gain-matrix  that  is  to  be  designed  to  achieve  Ce„{kT)-¥0 ,  where 

||x(^7^||  must  remain  bounded  for  all  bounded  servo-command  and  disturbance  state  motions  {c{kT)  and 

z{kT)).  A  procedure  for  designing  such  a  Kp  consists  of  first  substituting  (2.61),  (2.62),  and  (2.63)  into 
(2.55)  and  then  into  (2.43)  to  obtain 


e«((A:+ l)r)  =  [A+BKp)e,XkT)-Bz{kT)+^c(kT) , 


(2.64) 


where,  by  design,  the  terms  B  -  BY ^+FH  and  x  =  9E-A9-Bf,  must  satisfy  (2.59)  and  (2.60)  for 

the  chosen  C  ,  and  consequently  have  no  effect  on  the  time-evolution  of  the  servo-tracking  eiror  ejlt)  at 
each  discrete  sample-time  t  =  kT,k  =  0,  1,  2 .  ^ 

Recall  that  the  servo-tracking  task  is  to  quickly  control  the  servo-state  vector  in  (2.64)  to  a 
subspace  5^  ct([C]  having  largest  dimension  V  (e.g.,  e„(kD^S^  =X[qcN[C]),  and  keep  it  there 

for  each  subsequent  time  t  =  kT,  ^  =  0,1,2,-.  Several  different  approaches  to  the  design  of  the  gain 

matrices  ,  f, ,  and  f,  in  (2.64)  can  be  considered  that  will  accomplish  this  task.  For  example,  if  the 
null-point  stabili^tion^condition  e„(^D^0e5,  is  achievable,  Kp  should  be  designed  to  plJce  the 
eigenvalues  of  {a  +  BKp)  at  sufficiently-damped  locations  inside  the  unit  circle  and  f,  and  f,  in  (2.59) 

and  (2.60)  should  be  designed  to  achieve  BF.+FH  =0  and  [9E -A9-Bf,'\^i) .  This  null-point 

Stabilization  approach  for  designing  the  matrices  Kp,  f,,  and  f,  regulates  e^^kT)  to  the  null  state 
-0  which  is  a  “point”  that  always  lies  in  the  null-space  of  the  matrix  C  (and  also  C )  (e.g., 

0  eK[C]cN[C])  and  hence  is  more  restrictive  than  regulating  e„(A7^^5^  =Xfc]  of  largest 

toTnSTectfon ^“bspace  stabilization  task  will  be  presented  in 
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2.11.1.  Transforming  the  Servo-State  Vector  Stabilization  Problem  to  a  New 
Coordinate  System 

A  general  mathematical  theory  for  the  stabilization  of  continuous-time  linear 
dynamical  systems  to  arbitrary  linear  subspaces  was  developed  in  [76].  That  theoiy  was  applied  in  [37] 
to  asymptotically  control  the  continuous-time  servo-state  vector  e^^(/)  to  K[C],  and  in  [70],  to  some 
subspace  Sy  cK[C] .  In  this  section  the  results  and  techniques  in  [37,70,76]  will  be  adapted  to  our 
digital  servo-control  problem  of  designing  f^,  and  in  (2.64)  so  that  some  subspace  Sy  cN[C] 
will  become  an  asymptotically-stable  invariant-subspace  for  all  solutions  e^(kT)  of  {2M).  The  and 
and  the  collection  of  all  ^  which  allow  all  solutions  of  (2.64)  to  be  stabilized  to,  and  become 
invariant  for,  some  Sy  c  N[C]  can  be  determined  by  the  following  method. 

Recall  from  (2.1)  that  C  is  an  mxn  matrix  which  is  assumed  to  have  mavimal  rank 
m.  Therefore,  it  is  always  possible  to  select  an  n  x  (n-m)  matrix  M  having  maximal  rank  (n-/n)  that 
satisfies  CM=  0.  Furthermore,  the  columns  of  M  will  form  a  basis  for  K[C] .  Consequently,  any  vector 

in  can  be  written  as  a  unique  linear  combination  of  the  column  vectors  of  M. 

Let  R  be  any  (n-m)  x  v  matrix  such  that  v^(n  -  w)  and  rank[R]  =  v.  Then  the 

product  MR  will  be  an  «  x  V  matrix  (rank[A4K]  =  v)  having  column  vectors  which  necessarily  span  some 
subspace  Sy  cN[C] .  That  is. 


5,=<R[M?]  =  n[c]cKC];  v  =  0,  1,  2,  ...,  n-m.  (2.65) 

By  vajying  the  choices  of  the  elements  of  R,  and  also  varying  the  number  v  of 
columns  of  R,  one  can  isolate  and  designate  any  subspace  Sy  eX[C] ,  [37].  A  systematic  procedure  for 

identifying  every  subspace  eN[C],  v  =  0,  1,  2,  ...,  n-m,  will  be  presented  in  Subsection  2.11.7. 
Hereafter,  the  chosen  subspace  Sm  will  be  generically  defined  as  that  subspace  which  is  generated  by  the 
columns  of  MR  and  denoted  by  Sy  =  91[A/R] .  It  follows  from  (2.65)  that  CMR  =  0,  which  is  written 
equivalently  as  (incorporating  (2.46)) 


CMR  = 


MR  = 


CM 


PM 


R  = 


PM 


R  =  0. 


(2.66) 


The  choic^  of  the  elements  of  R  in  (2.65)  will  determine  the  choice  of  P  in  (2.46)  and  consequently  the 
choice  of  C  in  (2.46). 


Assume  that  C  has  been  so  chosen  and,  proceeding  as  in  [76],  consider  the  invertible 
linear  transformation 


e.s  =  [C*\MR]4ss, 

where  C*  is  the  right  inverse  of  C  ,  defined  as 

C*  =  C^(CC^)’’  (such  that  CC*  =  I ). 


(2.67) 


(2.68) 
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(2.69) 


(2.70) 


2.11.2.  The  Discrete-Time  Evolution  Equation  for  4„(kT) 

It  follows  from  (2.69)  that  the  condition  esssS^  =K[c]cX[C]  is  realized  if,  and 

only  if  —  Ce^  =  0 .  Therefore,  in  order  to  stabilize  e^^(kT)  to  a  subspace  iSv  we  must  regulate 
and  ideally  maintain  4,(^r)  =  0  for  all  subsequent  /  =  ytT,  k  =  0,  1,2,  ....  To  do  this 

requires  examination  of  the  evolution  equation  governing  ,  which  is  computed  from  (2.69)  as 

follows 

4'«((^  + 1)^)  =  e,,((k  + 1)7^ .  (2.71) 

Substituting  (2.64)  into  (2.71)  yields 

#«((A+1)77=  (A  +  BKp)e^(kr)+  \xc{kT)-^zikT^,  (2.72) 

where  x=eE-A0-Bf  and  B  =  Bf^  +  FH.  Substituting  (2.67)  into  (2.72),  and  rearranging  terms, 
results  in  the  vector-matrix  difference  equation 

^ ^ssi ((^  + 1)^  _  C(A  +  BKp)C^  C{A  +  BKp)MR  ( ^ss]ikT)^ 

V42((^  +  1)70J  [( Afl?)* (A  +  Mp )C*  I  {my (A  +  )MR  I42 {kT) j 

.  (2.73) 

+  ^  -ci 

\{MRY^  I  -{MRfi  \z(,kT)) 
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2.113.  Conditions  for  Regulating  e^(kT)-*^Sy 

In  order  to  stabilize  to  zero,  and  consequently  regulate  e^(kT)  to  the 

subspace  Sy  =K[C] ,  matrices  Kp,  ,  and  must  exist  such  that  the  following  conditions  are  met  for 
the  chosen  C  (refer  to  (2.73)): 


a)  C(A+BK.)MR  =  0; 


(2.74) 


b)  Cj  =  0 


(same  as  (2.60)), 


or  equivalently, 
5R[|]cX[C]; 


c)  CB  =  0 


(same  as  (2.59)), 


or  equivalently. 


«[5]cK[C]  ; 


d)  all  solutions  (kT)  of  the  reduced  system 
4,  ((k  +  l)r)  =  CiA  +  BKp  )C  *4,  {kT)  , 
must  be  asymptotically  stable  to  the  null-point  4,  {kT)  =  0 . 


(2.75) 


Conditions  a),  b),  and  c)  are  the  necessaiy  and  sufficient  conditions  to  make  the  subspace  Sm  invariant  to 
4i  with  respect  to  all  initial  values  of  42  ^  ‘^v  uncertain  and  unpredictable  time-behavior 

of  the  disturbance  and  servo-command  states,  z{kT)  and  c{kT),  respectively.  Expression  (2.75)  in 
condition  d)  is  the  homogeneous  difference  equation  for  4, ,  and,  together  with  conditions  a),  b),  and  c), 
condition  d)  is  necessary  and  sufficient  for  4i(^^  =  0  to  be  an  asymptotically-stable  solution  of  (2.73). 


Condition  a)  in  (2.74)  can  be  stated  equivalently  as  [76]: 

i)  {A  +  BKp)MR=MFS.  , 
for  some  matrix  S ;  or 

ii)  C{A  +  Wp)^€lC , 


for  some  Q . 


(2.76) 


(2.77) 
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If  conditions  a),  b),  and  c)  are  satisfied,  then  (2.76)  and  (2.77)  can  be  used  to  write  (2  73)  in  the 
Simplified  form 


Q 

_0' 

(MRfiA  +  Mp)C** 

►7 

UsslikT)) 

-{MRfB 


c(kT)) 


Kz(kT)J 


(2.78) 


In  view  of  (2.78),  the  problem  of  stabilizing  ->5^  =Kjcj  =  <R[Afl?]  can  be 
restated  as  finding  the  matrices  f,  and  such  that  conditions  b)  and  c)  are  satisfied  and  finding  the  set 
K  of  all  matrices  K^,  which  satisfy  (2.74)  for  the  chosen  C  and,  when  that  set  is  found,  determine 
which,  if  any,  Kp  qH  exist  such  that  condition  d)  is  satisfied 


2.11.4.  Identification  of  the  Set  K  of  all  Stabilizing  Gain-Matrices  Kp 

Proceeding  as  in  [76],  the  existence  of  a  Kp  satisfying  (2.74),  and  subsequently  the 
set  K  of  all  such  Kp ,  can  be  determined  by  first  noticing  that  (2.74)  can  be  written  as 


- CAMR  =  C.ffA ,  where  A  =  KpMR. 

Then,  the  necessary  and  sufficient  condition  for  existence  of  a  A  satisfying  (2.79)  is  that 

^R[c2M^]e9^[Ci], 

or  equivalently. 


(2.79) 


(2.80) 


rank[c.B  |  CAMR^  =  rank[C5] . 


(2.81) 


..  (originally  defined  in  the  text  above 

(2.72^)  and  consequently  the  choice  of  C  .  It  follows  that  there  exists  a  matrix  Kp,  satisfying 

A  =  KpAdR  and  (2.74),  if,  and  only  if  (2.80)  (equivalently  (2.81))  is  satisfied.  In  that  case,  the  non- 
unique  solutions  to  (2.79)  can  be  obtained  by  using  the  well-known  expression  for  the  general  solution 
-P  c  +  \1  -  P*  Pjg  (g  IS  in  arbitrary  vector)  of  the  linear  algebraic  equation  Ph  =  c  when  c  e  <R[P] . 
That  is,  the  set  of  solutions  to  (2.79)  consists  of  the  A  defined  by 


A  =  -iCSy  CAMR  +  [I  -  (cSy  CB]Z , 


(2.82) 


where 
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Z  is  an  arbitrary  r  x  {n-m)  constant  matrix  to  be  determined, 

I  is  the  identity  matrix,  and 

{CB)*  indicates  the  Moore-Penrose  pseudo  inverse  [75]  of  CB  . 

Following  the  development  in  [76],  the  set  K  of  all  Kp  satisfying  (2.74)  can  be 
computed  directly  from  (2.79)  and  (2.82)  by  again  using  the  results  in  [75]  (since  rank[AflJ']=  v, 
,  where  (M?)*  is  the  Moore-Penrose  pseudo  inverse  of  MB). 

K  =  I  =  -{CBY  ^MR{MR)*  +  [I  -  {CByCB]Z{MRY  +  Icj ,  (2.83) 

where  L  is  an  r  x  («-v)  constant  matrix  to  be  determined.  To  verify  (2.83),  substitute  the  Kp  in  (2.83) 
into  A  =  Kp  MR  from  (2.79)  and  use  the  relationships  in  (2.66)  and  (2.70)  to  obtain  the  relationship 

A  =  KpMR 

=  -(CBpAMR{MRy  AfR  +  j^I  -  CR  jz(  A4R)*  MR  -i-  LCMR 

= -(cbJ  camr + j^i  -  crJz 

which  is  the  same  as  (2.82). 

2.11.5.  Identification  of  all  Bp  eK  that  Satisfy  Condition  d)  Associated  With  (2.75) 

Now  that  the  set  K  of  all  Bp  satisfying  (2.74)  has  been  found,  it  remains  to  identify 
the  subset  consisting  of  those  eK  which  also  satisfy  condition  d)  associated  with  (2.75).  For  this 

purpose  substitute  (2.83)  into  (2.73),  and  use  the  relationships  in  (2.66),  (2.68),  and  (2.70)  to  obtain  the 
vector-matrix  difference  equation 

^4i((^  + 1)7^1  ^  r  A,+B,l  0  Y  4,  (ArT^'l 

1 4: ((*  +  [(MRY(A  +  BLC)C*  I  Ai 

,  (2.84) 

+  ^  I  -CS  fcjkT)) 

[(AfR)"!  I  -(MRfS  U(A7^J 

where 
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4=c2c\ 

A2  =iMR)\A-B{CByCA)MR, 

B^=CB, 

and 

B2  =  (MRf  5[I  -  (C^)^  C^] . 

The  conditions  a),  b),  c),  and  d)  above  (2.75),  necessary  and  sufficient  for  e^(kT)  to 

be  asymptotically  stabilized  to  for  some  R  (some  C  ),  can  now  be  restated  equ^riently  as 

(refer  to  (2.84)) 


a')  ^CAMR]cy{[CB]  (from (2.80)); 

b')  there  exists  a  f,  such  that  (2.60)  is  satisfied.  The  necessary  and 

sufficient  condition  for  existence  of  a  f,  satisfying  (2.60)  is  given 
in  (2.52); 

c')  there  exists  a  f,  such  that  (2.59)  is  satisfied.  The  necessary  and 

sufficient  condition  for  existence  of  a  satisfying  (2.59)  is 
given  in  (2.53); 

and 


d  )  there  exists  an  r  x  (n-v)  constant  matrix  L  such  that  solutions  to 
the  following  homogeneous  difference  equation  are  uniformly  and 
asymptotically  stable  to  the  null-point  #„,(A:r)  =  0 : 


((k  +  l)T)  =  [2,  +  ikT) . 


(2.85) 


If  condition  a')  (expression  (2.80))  is  met  then  may  be  chosen  such  that  (2.74)  is 

achieved.  The  set  K  of  all  satisfying  (2.74)  is  given  in  (2.83).  If  conditions  b')  and  c')  are  met  then 

a  r,  and  T, ,  may  be  chosen  to  satisfy  (2.60)  and  (2.59),  respectively.  Finally,  (2.85)  in  condition  d')  is 

the  homogeneous  difference  equation  for  4,  with  from  (2.83)  substituted  into  (2.75).  In  view  of 

conditions  a ),  b ),  and  c ),  condition  d')  is  necessary  and  sufficient  for  |  ,  (kT)  =  0  to  be  an 
asymptotically-stable  solution  of  (2.84).  ^ 

oht  •  II  •  procedure  called  pole  placement  [3,20,21,46,47,77]  can  be  used  to 

obtain  the  null-pomt  stabdization  requirement  in  condition  d').  In  that  way,  L  is  selected  such  that  the 

eigenvalues  of  [a,+B,l\  are  at  sufficiently-damped  locations  inside  the  unit  circle.  Due  to  the 
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nonsingularity  of  the  linear  transformation  in  (2.67)  the  eigenvalues  of  p,  +  5,Z  j  (together  with  those  of 
in  (2.84))  are  also  eigenvalues  of  p  +  Bkp^^  in  (2.64). 

The  existence  of  a  suitable  L  that  will  stabilize  to  zero  is  determined  by 

examining  the  controllability  matrix  corresponding  to  the  homogeneous  system  in  (2.85).  If  the 
controllability  matrix  has  maximum  rank, 

rank[^i  I  ABj  I  Aj^Bi  |  -  |  2, 5, ]  =  «- v  ,  (2.86) 

then,  and  only  then,  there  exists  a  constant  feedback  matrix  Z  such  that  the  eigenvalues  of  p,  +  5,Zj 

can  be  arbitrarily  assigned  [46]  subject  to  conjugacy  of  complex  eigenvalues.  If  the  rank  condition  in 
(2.86)  is  not  satisfied,  there  may  still  exist  a  suitable  I  that  will  stabilize  4,  (JcT)  ->0.  In  particular,  if 
the  rank  of  (2.86)  is  less  than  maximum  then  the  system  defined  by  (2.85)  can  be  separated  into 
corresponding  completely  controllable  and  totally  uncontrollable  subsystems  [78].  A  suitable  I  will 
then  exist  if  and  only  if  all  the  natural  eigenvalues  associated  with  the  totally  uncontrollable  subsystem 
are  inside  the  unit  circle  (  |Z,  |  <  1  ).  This  necessaiy  and  sufficient  condition  for  the  existence  of  Z  in  a 

system  that  is  not  completely  controllable  can  be  stated  for  the  discrete-time  case  by  adapting  a 
continuous-time  result  in  [76,78]  to  obtain  the  following. 

Let  R  be  any  («-v)  x  («-v-/7)  matrix  such  that  the  columns  of  R  form  a  basis  for  the 
null-space  of  the  (n-v)  x  r(n-v)  matrix: 

p,  fA,B,  Ia,^B,  (2.87) 

Then  a  matrix  Z  satisfying  condition  d')  associated  with  (2.85)  exists  if,  and  only  if,  all  roots  A,  of  the 
polynomial  det(ZI-(R"R)-'R"2,R)  =  0  satisfy  |Z,|<I,  /  =  1,  2,  ...,  n-v-p  (all  eigenvalues  of 

(R^R)’‘R^2,R  are  located  inside  the  unit  circle).  Here,  the  matrix  (R^R)“'R^j?,R  characterizes 
the  dynamics  of  the  totally  uncontrollable  subsystem  of  the  system  in  (2.85). 


2.11.6.  Conditions  for  Maintaining  Bounded  Motions  of  e^(kT)  Within  Sm 

Conditions  (2.8^,  (2.53),  and  (2.52)  are  the  necessary  and  sufficient  conditions  for 
the  existence  of  Kp,  f,.,  and  f,  that,  for  a  given  R,  will  stabilize  e,,{kT)  to  the  subspace 

=  SR[M?]  =  X[c]  e  t<[C] .  However,  it  remains  to  determine  the  equations  and  conditions  necessary  to 
satisfactorily  maintain  bounded  motions  of  4(^7)  within  the  subspace  Sy.  The  differential  equation 
describing  the  continuous-time  evolution  of  the  motions  e„(t)  was  derived  in  [76].  Assuming  the 

conditions  in  a'),  b'),  c'),  and  d')  above  (2.85)  are  met,  the  discrete-time  counterpart  of  that  evolution 
equation  is  obtained  from  ((2.84)  as  (recall  that  condition  d')  associated  with  (2.85)  controls  (kT)  to 
zero) 
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(2.88) 


is2  ((^ + 1)?:) = [4 + ^2^]42  m + s. 

where  A2  £2  are  defined  in  (2.84), 


Um 


and  the  norm  of  the  uncertain  vector 

A:  =  0,  1,  2,  .... 


fcm' 


\z(kT)) 


is  assumed  to  be  uniformly  bounded  for  all 


The  r  x  (/i-jw)  matrix  Z  in  (2.88)  should  be  chosen  as  any  matrix  for  which  all 
solutions  to  (2.88)  remain  bounded  [14].  That  is,  for  all  yt  =  0,  1,  2,  ..., 

\l^2m\^M,  <  00  (for  some  positive  M\). 

This  latter  condition  will  in  turn  assure  that  ||e„(Ar)||  remains  bounded  as  k->aa  .  A  necessaiy  and 

sufficient  condition  for  the  existence  of  an  appropriate  Z  such  that  all  solutions  of  (2.88) 

remain  bounded  is  similar  to  that  given  for  the  existence  of  a  suitable  L  in  (2.85).  That  is,  if  the 
confrollabihty  matrix  corresponding  to  the  homogeneous  portion  of  the  system  in  (2.88)  has  miimum 


rankpj  |  A2B2  |  AIB2  |  -  |  ^^-’>.82]  =  v. 


(2.89) 


then,  and  only  then,  there  exists  a  constant  feedback  matrix  Z  such  that  the  eigenvalues  of  \a2  + 

can  be  ^bitrarily  assigned  [46]  subject  to  conjugacy  of  complex  eigenvalues.  If  the  rank  condition  in 
(2.89)  is  not  satisfied,  there  may  still  exist  an  appropriate  Z  such  that  all  solutions  #  2ikT)  to  (2  88) 
r^ain  bounded^  In  particular,  if  the  rank  of  (2.97)  is  less  than  maximum  then  the  system  defined  by 
(2.88)  can  be  decomposed  into  corresponding  completely  controllable  and  totally  uncontrollable 
subsystems  as  explained  in  [78].  An  appropriate  Z  can  be  found  if,  and  only  if  all  of  the  eigenvalues 
associated  with  the  totally  uncontrollable  subsystem  of  (2.88)  are  inside  the  unit  circle  (|Z,|<1  ).  A 

method  for  detennining  ^d  representing  the  completely  controllable  and  totally  uncontrollable 
subsystems  associated  with  (2.88)  was  given  in  [76,78].  Using  that  method,  one  cL  let  P  be  any 
V  X  ( V  -  q)  matrix  such  that  the  columns  of  P  form  a  basis  for  the  null-space  of  ^ 


[^2  I 


A2B2 


AIB2 


2(v-l) 


(2.90) 


Tom  a  matnx  Z  such  tot  all  solutions  of  (2.S8)  becotne  bounded  exists  if,  and  only  if,  all  roots  Z,  of  the 
pol^omtal^  det(ZI-(P'P)-p^Z,P)  =  0  satisfy  |Z,|<1,  i  -  1,  2,  ...,  (v-,).  (ali  eigenvalues  of 

(prp,-l 

dynamics  of  the  totally  uncontrollable  subsystem  of  the  system  in  (2.88). 
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Notice  that  if  [cfi]  has  maximal  rank  r,  then  =(M?)''5j/-(C5)^C5j  =  0 

(refer  to  (2.84)),  and  the  solution  to  (2.88)  then  becomes  completely  independent  of  the  matrix  Z  [76]. 
That  is,  (2.88)  becomes 

L((^ + 1)7’) = 442(Ar)+ .  (2.91) 

In  this  special  case,  the  motions  of  42(^7’)  in  (2.91)  will  depend  on  the  initial  condition  4^2  (^o)»  the 
matrix  ,  and  the  behavior  of  the  servo-command  and  disturbance  states,  c(kT)  and  zikl),  respectively. 


2.11.7.  Systematic  Procedure  for  Identifying  the  Candidate  Subspaces  4 

Recall  from  the  text  above  (2.65)  that  the  n  x  {n-m)  maximal  rank  matrix  Mand  the 
(n-m)  X  V  matrix  B  are  required  to  satisfy 

CM  =  0 ,  (the  columns  of  M form  a  basis  for  W[C] )  (2.92) 

rank[Af]  =  n-m,  (2.93) 


and 


rank[7?]  =  V  <n  —  m .  (2.94) 

Depending  on  the  choice  of  R,  the  columns  of  the  matrix  product  MR  form  a  basis  for 
some  v-dimensional  (v  —  0,  1,  2, ...,  n-m)  subspace  4  =l^Cj  =  9lJil4RjcN[C].  The  procedure  given  in 

this  section  allows  one  to  systematically  represent  all  R  that  can  be  used  in  conjunction  with  MR  to 
generate  all  v-dimensional  subspaces  S„  =  91[A/R] .  The  procedure  for  identifying  candidate  R  matrices 
and  using  those  matrices  to  perform  the  subspace  stabilization  technique  is  as  follows.  The  control 
designer  begins  with  an  of  largest  dimension  (v  =  n-m)  such  that  4  =  9?[A£R]=N[C],  forms  a  P,  and 

subsequently  a  matrix  C  ,  according  to  (2.46)  and  (2.66)  (C  =C  when  v  =  n-m),  and  then  tests  R  for 
satisfaction  of  the  four  conditions  above  (2.85)  and  the  one  condition  associated  with  (2.88).  If  those  five 
conditions  are  met,  then  the  specific  v  =  n-m  dimensional  subspace  Sn-m  is  “suitable”  in  the  sense  that 
there  then  exists  three  matrices  K^,  4,  and  4,  which  may  be  chosen  such  that  the  closed-loop  motions 

of  4(*r)  in  (2.64)  are  asymptotically  stabilized  to  4  =K[C]  and  the  subspace  S„.„  becomes 

invariant  with  respect  to  the  closed-loop  motions  of  e,,{kT) .  If  not  all  of  the  five  referenced  conditions 
are  met,  the  associated  S„.m  is  not  suitable,  and  the  designer  must  then  proceed  to  the  next  step  which  is  to 

test  all  R  having  dimension  v  =  n-m-\,  and  so  on,  until  the  subspace  S  =  Sm  of  largest  dimension  is  found 
that  is  “suitable.” 


To  illustrate  how  one  can  represent  all  i?  of  a  given  dimension  v,  let  OL= PM  in  (2.66) 
and  let  p=  (J3,,  P2,  Pn-m)  be  any  general  solution  vector  for  the  homogeneous  system 
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PM/5=ap= 


(2.95) 


r  A  ^ 

a2;^  «2.1 

^2,(n-m) 

A 

z= 

0 

<0. 

having  (n-m-V)  equations  and  (n-m)  unknowns  i  =  l,  2,  «- m ,  and  where  a  has  maximal  rank 

n-m-v.  From  examination  of  (2.66)  {PMR  =  0)  and  (2.95)  (/’Af;0=  0),  it  is  clear  that  9l[i?].  Now 

define  W  as  the  subspace  spanned  by  the  set  of  all  >0  satisfying  (2.95)  for  a  particular  matrix  a.  Then  let 

“[^1  I  ^2  I  ■■■  I  ^v]>  v  =  0,  1,  2,  ...,  n-m,  j  =  \,  2,  —7- — —  where  the  nonzero  solution 

^  v!(n-iw-V)! 

vectors  n,  r^, ...,  ry  (r,  e  the  set  of  all  p  satisfying  (2.95))  will  form  a  basis  for  a  subspace  W  if  every 

solution  vector  p&W  can  be  expressed  uniquely  as  a  linear  combination  of  /•],  ri, ....  rv  .  The  number  V 

of  the  basis  vectors  r,  is  equal  to  the  dimension  of  the  subspace  W.  The  number  — _  jg  the 

v!(n-/w- V)! 

number  of  unique  v-combinations  of  an  (n  -  TO)-set  [81],  or  equivalently,  the  number  of  basis  sets 
required  to  represent  all  v-dimensional  subspaces  of  an  («  -  m)  dimension  space,  in  general. 

The  linearly  independent  solution  vectors  /*!,  r2, ...,  fv  of  Jiyj  can  be  obtained  by  the 

method  described  in  [82].  In  that  way,  assume  that  the  matrix  a  in  (2.95)  has  been  reduced  to  echelon 
form,  that  is,  each  leading  non-zero  entry  is  to  the  right  of  the  leading  non-zero  entry  in  the  preceding 
row.  Since  any  matrix  can  be  put  into  an  echelon  form,  there  is  no  loss  of  generality  in  this  assumption. 
Clearly,  there  are  more  unknowns  than  there  are  equations  to  solve:  («  -  /w)  >  («  -  rw  -  v)  (if  v  =  0 ,  then 

the  solution  to  (2.95)  is  trivial).  Therefore,  there  are  v  variables  in  each  solution  vector  r,  which  can  be 
defined  arbitrarily.  Now  let  r,,  rj ,  be  the  /?  solution  vectors  obtained  by  setting  one  of  the  free 

variables  equal  to  one  and  the  remaining  free  variables  equal  to  zero.  Then  the  v-dimensional  subspace 
IT  will  have  basis  vectors  n,  7-2,  ...,  rv.  Now  recall  the  (n-m)  x  V  matrix  It  from  Subsection  2.11  1 
defined  as  any  matrix  such  that  v^(n-w)  and  rank[i?]  =  v.  Then  It  may  be  further  specified  as 
consisting  of  the  set  of  column  vectors  rj,  ra, ...,  rv.  That  is, 

i?  =  [r,  1  rj  I  •••  I  r^].  ^2.96) 

The  columns  of  It  constructed  in  this  manner  form  a  basis  for  the  v-dimensional 
subspace  fF  (i.e.,  IT=9?[/j])  corresponding  to  a  particular  matrix  a  in  (2,95).  For  every  such  V- 

dimensional  subspace  JV  (or  any  possible  matrix  a  having  rank  «  -  /»  -  v),  a  matrix  It  of  column  basis 
vectors  r^,  i  =  l,  2,  ...,  v,  can  be  formulated  by  the  method  above.  The  resulting  It  will  have  v^ 
elements  (each  n  vector  has  v  fi-ee  variables  and  there  are  V  such  vectors)  which  can  be  selected  as  0  or 

l,and  V(«-i«-v)  elements  (represented  by  the  notation  rvA,  h  =  l,  2,  ...,v(n-m-  v)  )  that  are  uniquely 

determined  by  the  individual  elements  of  the  matrix  a=PMin  (2.95).  Since  each  basis  vector  r,  has 

dimension  n-m,  there  are  then  possible  combinations  of  free  variables  associated  with 

all  possible  subspaces  IT  of  dimension  v  contained  in  an  (n-m)-dimensional  space,  in  general.  In  light  of 
IS,  define  R^,  v-0,  1,  2,  ...,  n-m,  as  the  set  of  all  which  can  be  used,  in  general,  to  generate  the 
v-dimensional  subspaces  of  an  (n-m)-dimension  space.  Each  It  will  have  v'  elements,  defined  as  0 
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or  1,  and  v(n-7w-v)  elements  represented  by  the  undetermined  variables  r,j.  The  set  will  contain 

v!(n-m- v)!  J  ~^’  2,  ^ ,  each  consisting  of  v  column  basis  vectors 

n,  corresponding  to  the  different  combinations  of  free  variables.  Now  define  the  set  R,  consisting  of  all 
sets  Ry .  The  set  R  will  then  contain  all  general  forms  of  the  column  basis  vectors  that  generate  any  v- 

dimensional,  v  =  0,  1,  2,  n-m,  subspace  W  =  3{\R^  contained  in  an  («-iw)-dimension  space,  in 
general. 


Now  recall  from  Subsection  2.11.1  that  the  subspace  5y  £X[C]  is  generated  by  the 
columns  of  MR  (where  ,  rank[AlK]  =  v,  and  Af  is  a  maximum  rank  matrix  consisting  of 

column  basis  vectors  that  generate  the  entire  K[C],  i.e.,  CM  =  0).  Therefore,  as  each  set  Ry  is 
identified,  beginning  with  R„_„,  every  /?  =  /Zy^  eRy  gR  ,  beginning  with  R(„_„), ,  can  be  systematically 

tested  for  suitability  using  the  technique  described  in  Subsections  2.1 1.1  through  2.1 1.6.  There  are  v(«- 
ffi-V)  elements  in  each  R  which  may  remain  undetermined  until  conditions  a'),  b'),  c'),  and  d')  above 
(2.85)  are  established.  At  that  point  a  value,  or  range  of  values,  may  be  determined  for  each  ry/,  such  that 
those  conditions  are  still  met.  The  column  vectors  in  R  can  be  defined  as  any  set  of  linearly  independent 
vectors  containing  acceptable  values  of  as  determined  by  applying  the  subspace  stabilization 
technique  described  in  Subsections  2.1 1.1  through  2.1 1.6.  The  columns  of/?  will  form  a  basis  for  a  V- 
dimensional  subspace  W  and  the  columns  of  the  matrix  product  MR  will  form  a  basis  for  the  v- 
dimensional  subspace  =N[c]  =  9l[Afl?]cN[q  to  which  e,,{kT)  will  be  stabilized. 


2.11.8.  An  Example 

A  specific  example  will  assist  in  clarifying  the  method  described  above  for 
identifying  the  matrices  R  and  subsequently  forming  a  basis  for  all  V-dimensional  subspaces 
-Jy  =  91[A/7?]  in  the  (n-w)-dimensional  space  N[q .  Note  that  it  is  not  necessary  to  enumerate  all  of  the 
sets  Ry  before  performing  the  subspace  stabilization  procedure.  In  practice,  the  control  designer  would 
first  obtain  the  set  R„_„  and  then  test  each  ^  gR„_„  in  the  subspace  stabilization  procedure.  If  all 
of  those  R„_„  j  matrices  are  unsuitable,  the  designer  then  obtains  the  set  R„_„_,  and  repeats  the 
procedure.  Enumeration  of  aU  Ry  is  given  here  for  illustration  purposes  only.  For  this  example, 
suppose  that  the  dimension  of  N[C]  is  3.  That  is,  n-m  =  3.  Then  the  sets  Ry,  v  =  0,  1,  2,  ...,  n-m 
will  be: 


^0  “  I®}  “  {^1 }  null-point). 
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(2.99) 


(2.100) 


and 


(column  basis  vectors  for  the  entire  (n-w)-dimensional  K[C] ,  hence  C  =  C), 


112,113}. 


(2.101) 


The  notation  Ryj,  v  =  0,  1,  2,  ...,  n-m,  j  =  \,  2,  ...,  — —  jn  (2.97)- 

v!(n- w- V)! 

(2.100)  is  used  to  denote  each  R  eR^  eR .  The  Rq  in  (2.97)  is  used  when  trying  to  stabilize  e^^{kT)  to 
the  null-point  (C  has  rank  ri)  as  described  in  Section  2.11.  R^  in  (2.100)  is  used  when  trying  to 

stabilize  e^^(kT)  to  the  entire  K[C]  (  C  =  C ).  Since  there  are  no  ry  elements  to  be  determined  in  R3 ,  this 
case,  and  that  of  Ro,  is  relatively  straight  forward. 


Any  one  of  the  set  of  column  vectors  in  Rj  in  (2.98)  can  be  used  to  designate  a  line  (a 
1 -dimensional  subspace)  in  a  3-dimensional  space.  For  instance,  the  basis  vector 


R  =  R,,= 


'12 

V I7 


with 


=  0 
=  0 


designates  the  line  along  lying  on  the  -axis  as  illustrated  in  Figure  2. 1 . 
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will  designate  a  plane  (a  2-dimensional  subspace)  in  a  3-dimensional  space,  namely  the  -  Csss  plane  as 
illustrated  in  Figure  2.2. 


Figure  2.7  Illustration  of  a  Plane  (a  2-Dimensional  Subspace)  in  3-Space. 


Beginning  with  the  formulation  of  the  set  II3  in  (2.101),  the  control  designer  chooses 
for  the  largest  subspace  W3  associated  with  (2.100),  determines  Af  from  (2.92)  and  (2.93),  and 

forms  the  matrix  product  MR  (a  basis  for  the  3-dimensional  subspace  S3  =  K[C] ).  The  matrix  C  is  then 

formed  according  to  (2.46)  md  (2.66),  and  the  four  conditions  above  (2.85)  and  the  one  condition 
associated  with  (2.88)  are  verified.  If  those  five  conditions  are  met,  S3  is  considered  suitable  and  Uc(kT) 
Usm,  and  UiikT)  are  chosen  according  to  (2.61),  (2.62),  and  (2.63).  If  those  five  conditions  are  not  met,’ 
the  designer  must  form  the  set  II2  in  (2.99)  and  repeat  the  process  with  /?2i,  Rn,  and  Rr3,  and  so  on  until  a 
suitable  subspace  S^  =  5R[A4R]  having  largest  dimension  v  is  found.  A  detailed  block  flow  diagram  is 

sho^  in  Figure  2.3  to  illustrate  the  design  of  a  digital  servo-tracking  controller  using  the  subspace 
stabilization  process  presented  in  this  Chapter. 


Clearly,  the  number  of  elements  of  Ryj  in  R  increases  with  the  dimension  of  the 
subspaces  S^  cN[C].  Therefore,  this  technique  will  become  labor-intensive  for  subspaces  S^  with 
relatively  large  dimension.  The  number  of  elements  N  in  the  set  R  can  be  calculated  exactly  using  the 

binomial  expansion  theorem  in  [81],  that  is  ^  ° 


A--! 


{n-m)\ 


v=o 


v!(n- w- V)! 


■=2" 


(2.102) 
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Therefore,  a  null-space  K[C]  of  dimension  n-m  =  5  would  have  A^=  2^=32  candidate /?y/ matrices  to 
evaluate  (including  the  special  cases  of  ^  =  0  (the  null-point)  and  R  =  I„.„,  a  basis  for  t<[C] ).  Note  that 
the  matrix  C,  and  the  values  of  n  and  m  were  not  needed  in  representing  the  set  of  all  R,  rather  the 
difference  n-m  (the  dimension  of  K[C] )  is  the  only  property  of  C  utilized. 
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Givea  AB,C,D,E,F,G,H 


Figure  2.8  Block  Flow  Diagram  for  the  New  Digital  Servo-Controller  Design  Procedure. 
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2.12.  Summary  of  the  New  Digital  Servo-Controller  Design  Procedure  for  the  Ideal  Case 

If  the  plant,  disturbance,  and  servo-command  states  {x{kT),z{kT),c{kT)}  are  available  for 

accurate,  real-time  measurement  (the  ideal  case),  then  the  digital  servo-controller  chosen  as  in  (2.61), 
(2.62),  and  (2.63)  can  be  implemented  directly  as 

likT)  =  f,zikT)  +  fAkT)-Kp{ec{kT)-x{kT)) ,  (2.103) 

where  F^,  and  are  selected  to  satisfy  the  four  conditions  above  (2.85)  and  the  one  condition 
associated  with  (2.88). 


2.13.  Practical  Realization  of  the  Discrete-Time  Servo-Controller 


The  digital  servo-controller  design  methodology  developed  in  the  previous  sections  of  this 
chapter  is  an  extended  state-feedback  design  technique.  To  implement  such  a  state-feedback  controller 
design,  the  states  x(kT)  and  z(kT)  of  the  composite  system  and  the  servo-command  state  c(kT)  must  be 
measurable  or  estimatable  in  real-time.  The  idealized  control  law  in  (2.103)  uses  the  real-time  value  of 
the  disturbance  state  z(kT),  the  plant  state  x(kT),  and  the  servo-command  state  cikT).  In  practical 
applications,  it  is  rarely  possible  to  measure  those  three  states.  Recall  that,  for  this  research,  it  is 
assumed  that  the  current  “sampled”  value  of  the  plant  output  vector  y(kT)  and  the  current  “sampled” 
value  of  the  seiyo-command  vector  y^cT)  are  the  only  quantities  available  for  direct  measurement. 
Consequently,  discrete-time  state  estimation  algorithms  (observers)  must  be  designed  to  estimate  the 
value  of  the  plant,  disturbance,  and  servo-command  states  in  real-time. 

In  order  to  design  the  composite  state-observer  and  the  observer  for  the  servo-command  state 
c(kT),  the  composite  system  and  the  servo-command  model  must  be  completely  observable.  That  is, 
eveiy  element  of  each  state  x(kT)  and  z{kT)  must  affect  one  or  more  of  the  plant  outputs  and  every 
command  state  c(kT)  must  affect  one  or  more  of  the  servo-commands.  In  that  case,  an  observer  can  be 
designed  in  either  a  full-order  or  reduced-order  form.  A  fiill-order  observer  reconstructs  (estimates)  for 
example,  all  elements  of  each  of  the  states  x{kT)  and  zikT)  of  the  composite  system.  Thus,  if  the 
composite  system  is  («  +  p)‘**-order,  then  a  full-order  observer  will  also  be  («  +  p)^-order.  A  reduced- 
order  observer  reconstructs,  for  example,  only  the  state  elements  of  (x,  z)  that  are  not  directly  measurable 
through  the  y{t)  measurements.  An  obvious  advantage  of  using  a  reduced-order  observer  is  that  it  has 
lower  dimension  than  a  full-order  observer. 

Two  observers  will  be  needed  for  implementing  the  digital  servo-tracking  controller 
developed  in  this  chapter.  The  first  will  be  chosen  to  be  a  discrete-time  full-order  observer  using 
sampled  measurements  of  the  plant  output  )ikT)  and  the  control  input  u{kT)  to  obtain  the  real-time 
state  estimates  x^kT),  KkT),  x((^  +  l)r),  and  f((^  +  l)r)  of  x^kT),  zikT),  x({k+\)T)  and  z{{k^\)T), 
respectively.  The  second  observer  will  be  chosen  as  a  discrete-time  reduced-order  observer  and  will  use 
the  ‘sampled”  measurements  of  the  servo-commands  to  obtain  the  discrete-time  estimates  c{kT) 

of  the  servo-command  states  c(A:7).  The  use  of  those  discrete-time  state-estimators  will  result  in  a 
physically-realizable  digital  servo-tracking  control  law  having  the  form  (refer  to  (2.55),  (2,60),  (2.61) 
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u{kT)  =  Y,z{kT)  +  f,cikT)  -  kp  {ec{kT)  -  x{kT)) . 


(2.104) 


2.13.1.  DeveIopin6iit  of  Discrete-Time  Composite  Models  of  the  Plant,  Servo-Command, 
and  Disturbance  System 

The  discrete-time  composite  plant/disturbance  model  was  given  in  (2.26).  However, 
for  reasons  identified  in  Section  2.6  the  terms  y{kT)  and  a{kT)  in  (2.26)  have  been  disregarded! 

Ignoring  those  terms  results  in  the  following  truncated  composite  plant/disturbance  model  which  will  be 
used  in  the  discrete-time  full-order  observer  design 


J^((^  +  1)T)^ 
z{{k  +  \)T)) 


A 

FH 

0 

D 

{z{kT)) 

A%kT) 


y{kT)  = 


(2.105) 


The  discrete-time  state-model  for  the  servo-command  in  (2.36)  will  be  used  in  the  discrete-time  reduced- 
order  observer  design.  For  reasons  discussed  in  Section  2.7,  the  Ji^kT)  term  in  (2.36)  is  ignored, 

resulting  in  the  following  truncated  servo-command  model  which  will  be  used  in  the  discrete-time 
reduced-order  observer  design 

y,(kT)  =  Gc(kT) 

c((k  +  l)T)  =  EikT)c(kT)  ' 


2.13.2.  The  Design  of  a  Discrete-Time  Full-Order  State-Observer  for  the  Comnosite 
System  in  (2.105) 


In  principle,  accurate  real-time  estimates  x(kT)  and  z(kT)  of  the  plant  states  x(kr) 
and  the  disturbance  states  2(^7)  can  be  obtained  from  “sampled”  on-line  measurements  of  y(kT)  and 
^k7)  using  conventional  observer  theories.  In  [33],  a  discrete-time  DAC  composite  observer  Aeoiy  is 
developed  which  achieves  this  estimation  by  extending  modem  control  observer/estimation  theory  A 
unique  feature  of  the  DAC  observer  theoiy  in  [33]  is  the  incorporation  of  the  disturbance  model  (2.25) 
into  Ae  observer  dynamics.  This  is  accomplished  using  the  (/H-p)-dimensional  comnosite 
fomT33r^^''^  discrete-time  full-order  observer  for  (2.105)  hL  the 


x((A:  +  l)D' 


z((k  +  l)DJ 


FH 

0 

D 

x{kTj 

im. 
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u{kT)  + 


K, 
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x(kT) 


-x*n 


\KkT)) 


(2.107) 
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where  i^kT)  is  given  in  (2.103)  and  = 


K, 


01 


L^2j 


is  the  observer  gain-matrix  to  be  designed. 


The  time-evolution  of  the  estimation  error  e,  where  s  is  defined  by 

^E,{kT)Y(KkT)\  (xihlf 

\z(kT))  1 


e  = 


(2.108) 


J{kT))  Vz{,kT))  ’ 

for  the  discrete-time  full-order  observer  (2.107)  is  determined  by  forward  shifting  (2.108).  The  result  is 

^f,((A:  + 1)701  +  r^((A:  +  l)D) 

(2.109) 


em+w  '<^((^+i)n 


FH 

.  K02C 

D 

E,{kTj 


^AkT') 

s^kT). 


u,(m 

The  observer  “gain  matrix”  should  be  designed  so  that  the  observer  error 
always  converges  to  zero  promptly,  from  any  initial  condition.  This  can  be  achieved  if,  and 


only  if,  the  states  x(kT)  and  z(kT)  of  (2. 105)  are  completely  observable,  that  is,  if,  and  only  if 


rank 


AiCl  I  A^'C‘ 


=  «  +  P, 


where 


and 


A 

FH 

0 

Co=(C|  0). 


Note  that  the  choice  of  control  sample-period  T  affects  the  outcome  of  the  complete  observability  rank 
condition.  If  that  rank  condition  is  achieved,  standard  pole  placement  techniques  [3,20,21,46,47,77]  can 
be  used  to  determine  an  appropriate  k„ .  In  that  way,  is  selected  such  that  the  eigenvalues  of  the 
matrix  (refer  to  (2.109)) 


A  +  k^^C 

FH 

K02C 

D 

(2.110) 
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are  at  sufficiently-damped  locations  inside  the  unit  circle  ( \^  <  1  )  of  the  complex-plane.  Designing  K„ 

to  achieve  this  latter  condition  will  assure  that  the  estimated  values  x{kT)  and  z{kT)  of  the  plant  and 

disturbance  states  quickly  and  accurately  track  the  corresponding  actual  plant  and  disturbance  states 
x{kT)  and  z{kT),  respectively. 

A  detailed  block  diagram  of  the  discrete-time  full-order  observer  in  (2.107)  is  shown 
in  Figure  2.4.  The  “unit  delayer”  shown  in  Figure  2.4  is  a  one-step  delay  commonly  denoted  by  E''  and 
defined  such  that  E~^xikT)  =  x((/t  - 1)7) . 


Figure  2.9  A  Wscrete-Time  Full-Order  Observer  for  Generating  Real-Time  Estimates  of  the  Plant  State 
x{kT)  and  Disturbance  State  z{kT). 


2.13.3.  The  Design  of  a  Discrete-Time  Reduced-Order  State-Observer  for  Estimating 
the  Servo-Command  State  c{kT)  ® 

In  this  section,  a  discrete-time  reduced-order  observer  design  is  presented  that  will 
generate  servo-command  state  estimates  c{kT)  from  the  “sampled”  real-time  servo-command 

mea^rementsyc(^^.  ineffective  “recipe”  for  designing  a  discrete-time  reduced-order  state-observer 
was  developed  in  [33].  That  “recipe”  will  be  used  here,  with  slight  modifications  to  specifically  address 
State  estimation  for  the  servo-commands.  ^ 

u  ■  .U  truncated  discrete-time  state-model  in  (2.106)  for  the  servo-command  is  used 

here  m  the  construction  of  the  discrete-time  reduced-order  observer.  Since  they^’s  /  =  1  2  w  are 
assumed  to  be  linear  independent  servo-commands,  the  matrix  G  will  have  rank  m  ’  "  ’ 
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The  following  is  a  summaiy  of  the  “recipe”  presented  in  [33]  for  construction  of  a 
discrete-time  reduced-order  observer  for  the  servo-command  state  c{kT): 

define  Tn  as  any  v  x  (y-m)  maximal  rank  matrix  such  that 

Gr,2  =  0. 

(The  9i[7]2  ]  of  the  Tu  which  meets  this  condition  will  necessarily  form 
a  basis  for  ); 

Step  2.  a)  define  the  (v-tw)  x  v  matrix 

Tn={TuTuyT^2, 

and 

b)  define  the  wxv  matrix 
G*=(gG^)''G; 

Step  3.  a)  construct  the  (v-iw)  x  (v-iw)  matrix 

and 

b)  construct  the  m  x  (y-m)  matrix 


‘»=GET^^-, 

construct  the  error-dynamics  evolution  equation 

dk  +  \)T)  =  [Z)  +S  (kT) ,  (2. 1 1 1) 

where  £  is  an  (v-/w)  x  m  arbitraiy  observer  design  matrix  to  be 
determined; 

design  2  in  (2. 1 1 1)  such  that  (kT)  ->  0  rapidly, 

(This  can  be  achieved  if,  and  only  if,  the  servo-command  state  c(yt7)  is 
completely  observable,  that  is,  if,  and  only  if 

rank^G^  |  E^G'^  |  E^^G^  |  —  | 
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Figure  2.10 


A  Reduced-Order  Discrete-Time  Observer  for  Generating  Real-Time 
Command  State  c(k7). 


Estimates  of  the  Servo- 
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3.  ADD-ON  ENHANCEMENTS  TO  THE  NEW  DIGITAL  SERVO-TRACKING 
CONTROLLER 

3.1.  Modification  of  the  Digital  Servo-Controller  Design  Procedure  to  Reduce  Intersample 

Misbehavior 

The  digital  servo-controller  terms  uJlJcT),  u^kT))  developed  in  Sections  2.10  through 

2.11  utilize  a  stepwise-constant  zero-order-hold  (z.o.h.)  type  of  control  action.  This  means  that  the 
control  decision  which  is  made  at  each  sample  time  t  =  kT,  k  =  0,\,2, ... ,  determines  a  value  for  u{kT) 
that  remains  constant  until  the  beginning  of  the  next  sample  time.  With  the  exception  of  the  special  cases 
where  and  y^t)  are  constants  or  stepwise-constants,  this  particular  implementation  of  the  digital 
servo-tracking  controller,  as  developed  in  Sections  2.10  through  2.1 1,  does  not  smooth  out  the  stair-step 
behavior  of  the  control  input  u{kT)  and  thus  cannot  reduce  the  intersample  misbehavior  inXO  that  occurs 
between  the  sample  times. 

As  discussed  in  Subsection  1.5.2,  intersample  misbehavior,  or  “ripple,”  is  the  build-up  of 
error  between  the  desired  response  (servo-command  vector  yc(Z))  and  the  actual  response  (plant  output 
vector  y(Z))  that  occurs  between  the  sample  times  kT<t<  {k^\)T .  This  error  build-up  can  arise  due  to 
intersample  time-variations  of  the  uncertain  servo-commands  and  the  disturbances  or  can  be  due  to  open- 
loop  instability  of  the  plant.  Conventional  digital-controllers  use  holding  circuits  (first-order  hold, 
second-order  hold,  exponential  hold,  etc.)  as  a  means  of  smoothing  out  the  control  input  signal  before  it 
is  applied  to  the  plant  as  a  means  of  reducing  intersample  misbehavior  of  y{t).  However,  those 
conventional  holding  circuits  do  not  attempt  to  intelligently  select  the  control-action  for  the  next  sample- 
period  based  on  the  intersample  waveform  behaviors  that  w(t)  and  y^t)  are  anticipated  to  exhibit. 
Consequently,  those  conventional  attempts  fall  short  when  the  plant  is  subjected  to  uncertain,  time- 
vaiying  external  disturbances,  or  is  required  to  track  uncertain,  time-varying  servo-commands  [38].  In 
those  cases,  it  is  possible  to  select  a  smarter  holding-strategy  that  will  significantly  improve  the 
intersample  tracking  accuracy  of  the  overall  closed-loop  system. 

In  [38],  a  technique  was  introduced  for  computing  and  implementing  an  intelligent  holding- 
sfrategy  for  discrete-time  controlled  plants  subjected  to  uncertain,  unmeasurable,  time-varying 
disturbances  and  uncertain,  time-vaiying  servo-commands.  The  technique  in  [38]  achieves  a  level  of 
robustness  to  disturbances  and  a  degree  of  intersample  servo-tracking  accuracy  that  is  unobtainable  by 
conventional  discrete-time  control  design  methods.  Specifically,  that  method  provides  the  capability  of 
intelligently  selecting,  at  each  t  =  kT,  a.  time-varying  intersample  control-action  «(/),  kT<t<(k  +  \)T , 

based  on  the  intersample  waveform  behaviors  that  both  the  servo-command  y^Z)  and  disturbance  w(Z)  are 
predicted  to  exhibit,  as  determined  by  current  estimates  zikT)  and  cikT)  of  the  disturbance  state  z{kT) 
and  the  servo-command  state  c(kT)  at  the  sample  time  t  =  kT,  k  =  0,l,2, ... .  It  will  now  be  shown  how 
the  intelligent  holding-strategy  developed  in  [38]  can  be  incorporated  into  the  new  digital  servo- 
controller  design  technique  developed  in  this  report. 


3.1.1.  Reconsideration  of  the  Servo-Tracking  Error  Equation 

The  result  in  [38]  will  be  incorporated  into  the  new  digital  servo-controller  design 
technique  in  this  report  with  the  exception  that  the  Up(kT)  control  term  in  (2.63)  will  remain  as  it  was 
derived  m  Chapter  2.  The  servo-controller  design  method  in  [38]  is  based  on  the  idea  of  regulating  e,iz) 
to  zero  between  consecutive  samples;  however  that  condition  is  unnecessarily  restrictive  in  the  design  of 
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Up(kT).  It  is  only  necessary  to  design  U/^kJ)  to  regulate  e„(0  to  some  subspace  Sy,  c  .  Therefore, 

the  «p(A7)  control  term  developed  in  Chapter  2  does  not  need  to  be  modified  when  adapting  (2.103)  to 
utilize  the  intersample  holding  strategy  in  [38]. 

The  u,^kT)  and  Us{kT)  control  terms  in  (2.61)  and  (2.62)  must  be  modified  in  order  to 
adapt  the  intersample  holding  strategy  developed  in  [38].  To  accomplish  this  modification,  it  is  first 
necessaiy  to  reconsider  the  servo-tracking  error  ^r)  in  (2.2).  Substituting  (2.1),  (2.31),  and  (2.34)  into 
(2.2)  yields 


=  Gc(t)-Cx{t)  .  (3  1) 


And  now  introduce  the  continuous-time  servo-state  vector  (continuous-time  counterpart  to  (2  381) 
defined  in  [37]  as  v  •  /y, 


A 

^ss(J)  =  0c{t)~x(t),  (3  2) 

such  that  (3.1)  can  be  re-written  as 

£y{t)  =  Ce^{t).  (3  3) 

.  .  continuous-time  equation  for  the  servo-state  vector  ejt)  is  of  interest  because  the 

objective  of  the  intersample  holding-strategy  is  to  minimize  the  continuous-time  intersample  build-up  of 
tracking  error  s^t)  that  occurs  between  the  sample  times.  Doing  so  requires  examination  of  the 
continuous-time  dynamics  of  ejt).  Differentiating  (3.2)  and  substituting  in  (2.1),  (2.20),  (2.31),  and 
(2.34),  yields  the  following  differential  equation  for  the  dynamics  of  the  servo-state  vector  : 

eAt)  =  0Kt)-x{t) 


=  edit)  -  (Ax(t)  +  Buit)  +  Fwit)) 


(3.4) 


=  e{Ecit)  +  //(/))  -  (Axit)  +  Buit)  +  FHzit)) 
Incorporating  (3.2)  and  rearranging  terms  in  (3.4)  yields 

4(0  =  Ae^it)  -  Buit)  +  (OE  -Ae)cit)  -  FHzit)  +  6>//(0 . 


(3.5) 


The  terms  (6 E  -  Ae)cit)  -  FHzit)  ^  OmU)  in  (3.5)  are  disturbance-like  effects 
caused  by  the  external  disturbance  wit)  and  the  uncertainties  of  the  servo-command  y,(0.  The  particular 
term  ^//(O  is  a  consequence  of  the  sparse  sequences  of  totally  unknown,  random  impulses  /i(0  inherent 

in  the  servo-command  modeled  in  (2.31).  For  reasons  discussed  in  Section  2.7,  the  ^t)  (and  hence  the 
<?//(/)  term)  is  hereafter  ignored  and  (3.4)  is  rewritten  as  ’  M  M  a  nence  me 
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4(0  =  ^e„(0  -  Bu(/)  +  (0£  -  Jff)c(t)  -  FHz(t)  . 


(3.6) 


Certain  technical  conditions  must  be  met  in  order  to  cancel  the  disturbance-like 
effects  of  the  uncertain  motions  c(/)  and  z{f)  on  the  servo-state  vector  in  (3.6)  and  consequently  on 
the  servo-tracking  error  e^t)  during  the  intersample  interval.  Those  conditions  govern  the  design  of  the 
improved  intersample  holding-action  for  the  digital  servo-tracking  control  terms  Uc  and  u,  and  will  be 
discussed  as  needed  in  the  design  procedure. 


3.1.2.  Decomposition  of  the  Servo-Tracking  Control  Effort 

In  order  to  develop  an  enhanced  digital  servo-control  law  (algorithm  for  generating) 
u(kJ)  that  uses  an  intelligent  holding-strategy  to  achieve  high-performance  intersample  servo-tracking,  a 
control-effort  decomposition  similar  to  the  control-effort  decomposition  in  Section  2.9  will  be  used.  This 
technique  consists  of  splitting  the  total  (vector)  control-effort  u  into  a  sum  of  two  individual  (vector) 
terms  as  follows 

«(•)  =  (•)  +  {kT) ,  (3  7) 

where  the  notation  m(  )  is  temporarily  being  used  to  indicate  that  the  control  effort  may  consist  of  both 
discrete  and  continuous  terms,  and  where 

Wic(’)  is  designed  to  accomplish  reduction  of  intersample  error  build¬ 

up  due  to  the  effects  of  the  disturbance  w(t)  and  the  disturbance¬ 
like  effects  of  the  servo-conunandy^f/),  and 

UpikT)  is  designed  by  the  technique  in  Section  2.11  and  will  stabilize 
Bs^kT)  to  some  subspace  ct^Cj  while  achieving  an 

acceptable  closed-loop  settling-time  for  the  servo-tracking  error 
Ey,  assuming  Usc(-)  is  performing  its  tasks. 

The  final  form  of  the  «(•)  in  (3.7)  will  meet  the  strict  definition  of  a  discrete-time 
(^ntroller  in  the  sense  that  the  control  action  «(•)  is  updated  only  at  the  discrete  times  t  =  kT, 

*  =  0,  1,  2,  ...,  based  on  real-time  measurements  (or  estimates)  of  the  plant,  disturbance,  and  servo- 
command  states  {x(kp,  zQtT),  c{kT))  available  at  the  beginning  t  =  kT  of  each  sample-period.  As 
discussed  m  Subsection  1.5,  the  discrete-time  servo-control  algorithm  is  realized  by  digital  processors 
^d  the  resulting  servo-controller  is  referred  to  as  a  digital  servo-controller.  Following  a  line  of 
development  similar  to  that  in  Section  2.9,  substitute  (3.7)  into  (3.6)  and  group  terms  to  yield  the  result 

4(/)  =  Ae,,{t)  -  5m^(.)  +  {i^OE  -  A0)c(t)  -  FHz{t)  -  5tt^^(.)) .  (3.8) 

The  disturbance-cancellation  condition  governing  the  ideal  design  of  the  control  term 
M)  in  (3.8)  is  the  condition  for  total  cancellation  of  the  disturbance-like  teims  {OE  -  Ae)c{t)  -  FHz{t) 
in  (3.8)  over  each  interval  kT<t<{k  +  \)T.  Mathematically  speaking,  «,X  )  must  satisfy 

{0E  -  Ae)c{t)  -  FHzit)  -  5«„(0  s  0 ;  V  /  <  (A:  +  OTand  V  c(/)  and  z(/)  ,(3.9) 
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which  can  be  written  as 


[eE-A0\-FHi^^-BuAt).O. 


(3.10) 


Since  y^t)  and  w(/)  originate  from  completely  different  (and  uncorrelated)  sources,  in  general,  the 
necessaiy  and  sufficient  condition  for  existence  of  a  u^{t)  satisfying  (3.10),  for  all  c(t)  and  2(t),  is 


rank[^.£  I  FH  |  5]  =  rank[5] , 
which  is  equivalent  to  the  two  simultaneous  conditions 
rank[i^^f  |  5]  =  rank[.fi] , 


and 


rank[^.£  -  A0  \  B^  =  rank[5] . 
That  is,  c  and  y{[eE  -  ^<9]  c  5R[5] . 


(3.11) 


(3.12) 


(3.13) 


ponfr  I  ♦  •  decomposition  in  (3.12)  and  (3.13)  suggests  that  the 

control  term  Usc  m  (3.7)  can  be  further  split  into  two  terms  as  follows 


^SC  (’)  (‘)  (■)  > 


so  that  (3.7)  is  rewritten  as 

*^(‘)  ~  (■)  (■)  (^T) .  (3  14) 

In  (3.14),  «,(.)  IS  responsible  for  reducing  the  intersample  build-up  of  error  due  to  the  effects  of  the 
disturbance  w(r)  and  u^()  is  responsible  for  reducing  the  intersample  build-up  of  error  due  to  the 
disturbance-like  effects  of  the  servo-command  y^/).  Mathematically,  the  tasks  of  u ,(•)  and  u  (•)  are 
ideally,  to  achieve  the  identities  ^  ^  ’ 


FHz(t)  +  Bu^(t)  s  0 ; 


V*r^t<(^  +  1)7’  and  Vr(/), 


and 


(9E  -A0)c(t)  -  Bu^(t)  ^  0 ;  V  AT <  r  <  (it  +  and  V  c(t) . 


(3.15) 


(3.16) 


cnnW  h  h  “  technical  possibility  that  the  vectors  c(r)  and 

e  sue  a  (  A0)c(t)- FHz(t)  =  0.  In  that  fortuitous  case  the  value  m  (0  =  0  can  be 

chosen  in  (3  9)  and  thus  (3.11)  is  then  not  necessaiy.  This  singular  condition  is  highlv  unlikelv  in 
practical  applications  and  is  not  addressed  further  in  this  report.  ^  ^  ^ 
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The  design  of  the  control  terms  «c(-)  and  Us(’)  will  be  accomplished  by  first 
developing  the  continuous-time  cancellation  conditions  and  corresponding  continuous-time  controller 
terms  Uc(f)  and  Usit),  and  then  discretizing  those  terms  into  their  digital  counterparts  uj(kT)  and  uJikT), 
respectively. 


3.13.  Conditions  for  Complete  Cancellation  of  Disturbance-Like  Terms  on  the  Servo- 

State  Vector  Css 

The  control  terms  Uc  and  w,  satisfying  (3.15)  and  (3.16)  exist  if,  and  only  if  (3.12)  and 
(3.13)  are  satisfied.  Those  expressions  imply  that 

F/f+5r,=0,  (3.17) 

and 

(BE-A0)-BS-,=0,  (3,18) 

for  some  r  x  p  matrix  F  and  some  r  x  v  matrix  F  . 

Assuming  the  necessary  and  sufficient  conditions  in  (3.17)  and  (3.18)  are  met,  the 
continuous-time  control  terms  u^t)  and  u^t)  satisfying  (3.15)  and  (3.16),  respectively,  may  be  chosen 
(ideally),  during  the  intersample  interval  kT<t<{k  +  \)T,  as 

“c(0  =  rc^(0>  (3.19) 


and 


“^(0  =  r^c(0  .  (3  20) 

As  discussed  in  Section  2.13,  it  is  assumed  that  the  digital  control  decisions  at  time 
t  =  kT  must  be  based  on  measurements,  or  estimates,  of  the  states  z{t)  and  c{t)  available  at  each  of  the 
times  t  =  kT,  k=  0,  \,2,  ...  .  Therefore,  the  predicted  or  forecasted  behaviors  of  z(/)  and  c(/)  across 
each  intersample  interval  must  be  represented  in  terms  of  z{kT)  and  c{kT).  Proceeding  as  in  [38],  that 
relationship  is  found  in  the  general  solution  to  (2.20)  and  (2.3 1)  evaluated  at  each  t  over  the  interval  from 
kT to  t  =  {k¥\)T.  In  particular, 

2(/)  =  e^('-*^r(*r)  +  r,(0;  kT^t<{k  +  \)T,  (3.21) 

and 

c(/)  =  e^^' *^^c(A:7^  +  rj(r) ;  kT<t<{k  +  \)T,  (3.22) 

where 


rdt)  is  a  residual-effect  given 


by  /•,(0=  j[^e^f'-">(T(r)i/r, 
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and 


rXO  is  a  residual-effect  given  by  /*,(/)  =  j^  n(T)dt . 

teiiiks  r*c(0  and  v y(r)  are  an  accumulation,  from  /  =  JzT  to  /,  of  the  effects  of  unknown, 
unpredictable,  sparse  impulses  o(r)  and  ;</)  respectively  (refer  to  (2.20)  and  (2.31)).  For  reasons 
discussed  in  Chapter  2,  the  o(/)  and  /^/)  impulses,  and  consequently  the  rj^')  and  r/r)  terms,  are 
disregarded  during  the  digital-control  design  process.  Substituting  (3.21)  and  (3.22)  into  (3.19)  and 
(3.20),  and  disregarding  the  residual  terms,  results  in  the  final  (idealized)  fonn  of  the  uj^i)  and  wXO  tenns 
of  the  enhanced  digital  servo-tracking  controller 

«,(/)  =  ,  f3.231 


and 


«,(/)  =  r,e^('-*^>c(^70.  (3.24) 

The  control  terms  We(/)  and  u^t)  in  (3.23)  and  (3.24)  generate  a  continuous-time, 
open-loop  control-action  where  the  entire  intersample  variations  of  uJJ)  and  over  each  sample 
interval  are  determined  at  the  beginning,  t  =  kT,  of  each  of  the  intervals  kT^t  <(k +  1)7 .  Because  those 
control  decisions  are  updated  only  at  the  discrete  times  t  =  kT,k=0,\,2, ... ,  and  are,  by  definition, 
discrete-time  controllers.  Since  those  control  terms  are  both  discrete  and  time-varying  they  are  more 
appropriately  represented  by  the  notation  u^t,kT)  and  u^t,kT),  such  that  (3.23)  and  (3.24)  are  rewritten  as 

u,it,kT)  =  r,e®('-*^>z(*70 ;  kT^t<{k  +  \)T,  (3.25) 

and 


u^it,kT)  =  T^e^^‘-'‘'^c{kT) ; 


kT<t<{k  +  \)T. 


(3.26) 


The  type  of  control  action  represented  by  (3.25)  and  (3.26)  will 
“digital/continuous”  (D/C)  control. 


hereafter  be  referred  to 


as 


The  Ideal  choice  for  u^f,kT)  and  ult,kT)  in  (3.25)  and  (3.26)  assumes  one  can 
directly  measure  the  states  z(kT)  and  c(kT)  m  an  on-line  fashion.  In  reality,  those  states  are  typically  not 
accessible  for  direct  measurement,  therefore  the  solution  in  (3.25)  and  (3.26)  is  not  physically-reali4le 
Consequently,  accurate  estimates  of  the  states  z{kT)  and  c(k7)  must  be  generated  from  the  real-time 
sampled  measurements  of  y{kT)  and  yA.kT).  A  procedure  for  generating  such  estimates  z^kT)  and 
c{kT)  and  composing  the  physically-realizable  solutions 


u,(f,kT)  =  T,e^^‘-*^^zm, 

and 

uAf,kT)  =  T,e^^‘-'‘^c{kT), 


(3.27) 


(3.28) 
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will  be  presented  in  Subsection  3.3.3. 


3.1.4.  Final  Form  of  the  Digital/Continuous  Servo-Controller  for  the  Ideal  Case 

If  the  plant,  disturbance,  and  servo-command  states  { x(JcT),  z{kT),  cikT) }  are 

available  for  direct  and  accurate  measurement  (the  ideal  case),  then  the  digital  servo-controller  chosen  as 
in  (3.25),  (3.26),  and  (2.63)  can  be  expressed  as 


«(/;  kT)  =  (/,  kT)  +  u,  (/,  kT)  +  {kT) 

=  T,e°^‘-^'^hikT)  +  -  Kp(0c{kT)  -  x{kT)) 


(3.29) 


where  the  gain  matrices  T,  and  Y,  are  selected  to  satisfy  (3.17)  and  (3.18)  and  the  gain-matrix  is 

selected  as  described  in  Section  2.11  with  5  =  0  and  j  =  0  throughout  the  design.  Selecting  the  gain- 
matrices  in  this  way  will  stabilize  e^^t)  to  =N[C]cN[C]  while  achieving  an  acceptable  closed-loop 
settling-time  for 


3.2. 


Enhancement  of  the  Digital  Servo-Controller  Design  to  Provide  Robustness  to  Plant 
Parameter-Perturbations 


Up  to  this  point,  the  development  of  the  new  digital  servo-tracking  controller  in  this  report 
hM  been  cairied  out  under  the  assumption  that  the  designer  has  knowledge  of  the  exact  values  of  the 
p  ant  parameters  (the  elements  of  the  A,  B,  C,  and  F  matrices  in  (2.1)).  However,  in  real-world  control 
problems,  teowmg  the  exact  values  of  all  those  parameters  is  rarely  possible.  Uncertain  deviations  from 
the  nominal  design  values  of  the  plant  parameters  is  often  caused  by  modeling  errors  or  variations  in 
component  hardware  characteristics.  Whatever  the  cause,  such  parameter  “perturbations”  can 
significMtly  reduce  the  level  of  closed-loop  tracking-performance  obtained  by  a  controller  that  is  tuned 
or  Mininal  pa^eter  values.  Consequently,  the  degree  to  which  a  servo-tracking  controller-algorithm 

“accommodate”  uncertain  parameter  perturbations,  is  a 
measure  of  the  robustaess  level  of  the  servo-tracking  controller.  To  address  parameter  uncertainty  and 
achieve  robust  control,  a  portion  of  the  linear  adaptive  control  method  developed  in  [34  35  391  will  be 
incorporated  into  the  proposed  digital  servo-design  methodology.  For  this  study,  only  perturbations 
(denoted  by  A^)  in  the  nominal  value  of  the  A  matrix  in  (2.1)  are  considered.  Methods  for  Ldeling  and 
accommodating  AB,  AC,  and  AF  perturbations  are  discussed  in  [34,35,39]. 


3.2.1. 


Incorporation  of  the  Plant-Parameter  Perturbations  AA 
Dynamics 


into  the  Servo-State  Css 


^  >nvestigate  the  effects  of  plant-parameter  perturbations  AA,  it  is  necessarv 

to  look  again  at  the  general  class  of  plants  in  (2.1)  and  define  precisely  where  the  perturbations  AA  arisi 
in  the  general  model  of  the  plant.  The  plant  model  as  given  in  (2. 1)  is 
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x(t)  =  Ax(t)  +  Bu{t) + Fw{t) 
y{t)  =  Cx{t) 


(3.30) 


where  all  components  of  (3.30)  are  defined  as  they  were  in  (2.1)  and,  in  addition,  the  array  of  elements  ay 
in  the  plant’s  ^4  matrix  are  assumed  subject  to  uncertain  perturbations  AA  as  follows 

A  =  A^+SA,  (3.31) 


where 


Af/  -  an  n  X  n  known,  constant,  real-valued  matrix  representing  the 
nominal  A  matrix,  and 

AA  =  an  n  X  n  matrix  consisting  of  uncertain  and  unmeasurable 
stepwise-constant  (or  slowly-vaiying)  parameter-perturbations 
5ay,  1  =  1,  2,  ...,  n;  j  =  l,  2,  ...,  n. 

Substituting  (3.31)  into  (3.30)  yields 

i(0  =  Af,x(0 + Bu(0 + Fw(0 + AAx(t) 

y(0  =  Cx(t)  •  (3-32) 


Substituting  (3.32)  and  (3.2)  into  the  differential  equation  in  (3.4)  for  the  servo-state  vector  e«(0  yields 

4(0  =  ^c(0-i(0 


=  B(£c(0  +  jj(t))  -  (Aj^x(/)  +  Bu(0  +  Fw(t)  +  AAx{t)) 

=  -  Bu{t)  +  {GE  -  A^e)c(t)  -  FHz{t)  -  AAx(t)  +  e^{t) 

For  reasons  identified  below  (2.36),  the  /</)  term  in  (3.33)  is  ignored  and  (3.33)  is  rewritten  as 
e«(0  =  ^Are„(0  -  Bu{t)  +  {GE  -  A (9)c(r)  -  FHzit)  -  AAx{t) . 


Z.1.2.  Introduction  of  an  Ideal  Model  for  the  Servo-Tracking  Error  ^/) 
u  development  in  [34,35,39],  the  ideal  behavior  of  (3  34)  is 

assumed  to  be  modeled  by  the  “ideal  model”  ^  ^  ^ 


(3.35) 


where  is  a  customer  or  designer-specified  “ideal”  nx«  matrix.  In  some  applications  the  matrix^ 

hSLftefdenote  thVch™Ll rislic  p^^^^ 
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(3.36) 


p„(;i)=r +/?„r-'+  -  +fi^^+p„ 

and  where  the  Pi  in  (3.36)  are  known  coefficients  corresponding  to  the  specified  ideal  eigenvalues  of  A^. 
The  extended  task  of  the  enhanced  digital  servo-tracking  controller  is  to  make  (3.34)  behave  like  (3.35) 
in  the  face  of  all  anticipated  uncertainties  and  initial  conditions. 


3.2J.  Introduction  of  the  D/C  Control  Term  Ua  to  Accommodate  Plant  Parameter- 
Perturbations  AA 

Adapting  the  technique  in  [34,35,39]  for  accommodating  the  A/4-effects  in  (3.34) 
requires  that  a  control  term  Ua  be  added  to  the  digital  servo-tracking  controller  expression  in  (3.14)  and 
that  the  Up{kT)  control  term  in  (2.63)  be  redesigned.  Thus,  (3.14)  will  be  rewritten  as 

i/(-)  =  ttr(-)  +  «.(-)  +  «#7) +  «<!(•)  ,  (3.37) 


where 


«c(  )  =  uAt‘,kT)  as  developed  in  Subsection  3.1.3, 

Wf(  )  =  uAt\kT)  as  developed  in  Subsection  3.1.3,  with  A  replaced  by  An  from  (3.31) 
throughout  the  design  process, 

Up{kT)  \s  designed  to  stabilize  Cs^kT)  to  5^  =K[c]ct^C]  while  achieving  the 

specified  “ideal  model”  characteristics  in  (3.35)  for  the  closed-loop  dynamics 
of  the  servo-tracking  error  Sy, 

Ucp)  is  designed  to  accomplish  reduction  of  intersample  error  build-up  due  to  the 
disturbance-like  effects  caused  by  the  uncertain  plant-parameter  variations  AA. 

Substituting  (3.37)  into  (3.34)  and  grouping  terms  yields 

4(0  =  -  BUpO)  +  -  A0)c(t)  -  Pm,(.))  - +  Bu,()) 

-{AAx{t)  +  Bu,(-))  • 


Assuming  (3.15)  and  (3.16)  are  achieved,  it  remains  to  design  u^-)  to  cancel  the  disturbance-like  term 
AAx(t)  in  (3.38).  Mathematically  speaking,  uj^-)  must  satisfy 

-  (AAx(t )  +  BUg  (r))  =  0 .  (3  39^ 

The  necessary  and  sufficient  condition  for  existence  of  a  Ua  satisfying  (3.39)  is  that 

AAx(t)  c  SR[5]  ;  V  / . 

in  which  case 
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AAx{t)  —  By{t) ,  (3.40) 

for  some  XO,  and  thus,  theoretically,  «„(/)  can  be  chosen  as 

“<7(0  =  -r(0-  (3.41) 

There  is  no  way  to  predict  or  directly  measure  the  A.4-effects  as  reflected  in  the  Mx(t)  term  in  (3.40). 
Therefore,  the  «„(0  as  chosen  in  (3.41)  is  not  physically-realizable.  Following  the  line  of  development  in 
[34,35,39],  the  design  of  a  physically-realizable  control  term  uj^-)  that  satisfies  (3.39)  is  expedited  by 
using  a  novel  dynamical  model  of  the  time-evolution  of  the  parameter-perturbation  term  AAx(t)  as  it 
appears  in  (3.34).  That  model  is  developed  in  the  following  Section. 


3.2.4.  A  Dynamic  Model  for  the  Time-Evolution  of  the  Plant  Parameter-Perturbation 
Term  AAx(t) 


Recall  from  (3.31) that  A4  is  a  completely  unknown  and  unmeasurable  nxn  matrix 
of  stepwise-constant  perturbations  8a, j ,  written  as 


AA  = 


60],  5a, 2  •••  5a, „ 

6a2,  8022  — 


5a„2  -  5a^ 


(3.42) 


where  some  ^  may  be  known,  a  pnon,  to  be  zero.  As  explained  in  [34,35,39],  real-time  identification 
o  e  perturbations  5a/,  in  (3.42)  require  complex  identification  techniques  that  result  in  complicated 
”  algorithms  associated  with  the  control  decision  process.  The  unique  aWoach 

m  [34,35,39]  to  designing  a  control  law  for  is  to  view  the  product  (A4)x(/)  in  (3.34)  as  an  uncertain 

STSen  time-varying  input  as  discussed  in  Section 


(3.43) 


Md  then  to  reco^ize  that  has  a  knowable  waveform-structure  which  allows  one  to  estimate  the 

Let  W.(()  represent  the  observer-generated  estimate  of  w/i)  obtained  ftom  such  an 
observer.  It  was  shown  in  (39]  that,  if  |M||  and/or  |W,>*,(,)||  are  sufBeiently  small,  the  closed-looo 

''""tents  WM  in  (3.43)  are  closely  modeled  by  the  known  differential 
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„  d”-' 


+  P2 


dw^iit) 


+  P\  ^ai  (0  =  0 ;  ^’  =  1 . 2, ...,  K,  (3 .44) 


dt”  ■  "  dt”-^  '  dt 

where  the  Pi’s  shown  in  (3.36)  are  precisely  the  same  P's  that  appear  in  (3.44). 

Using  the  technique  for  representing  waveform-structured  input  behavior,  as 
described  in  Section  2.5,  expression  (3.44)  can  be  utilized  to  develop  a  model  for  the  dynamic  behavior 
of  the  uncertain  disturbance-term  wj(t)  in  (3.43).  The  result  is  the  following  «^-order,  vector-matrix 
state-model  for  WcHt) 


(3.45) 


where  zJit)  represents  the  “state”  of  the  parameter  disturbance-vector  wjlj)  and  the  elements  of  the  vector 
<Tfl(/)  are  unknown,  sparse  sequences  of  impulses  that  are  the  source  of  the  uncertain,  occasional  “jumps” 
that  may  occur  in  (AA)x(0.  If  the  perturbation  matrix  AA  is  completely  arbitrary,  then  the  Ha  and  Da 
matrices  in  (3.45)  are  specified  by  the  following  block  diagonal  matrices: 

Ha  =  d\&g{ho,ha,...,ha)  ;  ,  (3.46) 


and 


Da  =  dagiPo,  Do,...,  Do)-, 


(3.47) 


where 


Ha  is  an  »xn^  matrix. 
Da  is  an  x  1?  matrix. 


ho  -  (1,0,. .  .,0)  ;  an  n-dimensional  row  vector, 

and 


0  1 
0  0 

0  0 


0 

1 

0 


.  P\  Pi  Pi 


an  «x»  matrix. 


If  the  perturbation  matrix  AA  is  not  completely  arbitrary  (if  certain  components  of  AA  are  known  to 
always  be  zero),  then  the  vector  ho  will  only  appear  in  the  rows  of  Ha  corresponding  to  the  non-zero  rows 
of  A^.  Similarly,  £>„  only  appears  in  the  corresponding  positions  in  Da.  This  will  reduce  the  dimension 
of  the  matrices  Ha  and  Da,  and  consequently  reduce  the  number  of  perturbation-related  state-variables 
Zg^  that  require  estimation  [34]. 
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3.2.5.  Design  of  the  Ua{t-,kT)  Control  Term  to  Completely  Cancel  the  Parameter- 
Perturbation  Vector  hAx(t) 

The  model  in  (3.45)  can  be  used  as  a  close  approximation  of  the  AAx(t)  effects  as  they 
appear  in  (3.38).  Incorporating  the  w^t)  model  in  (3.45)  into  the  cancellation  condition  in  (3.39)  yields 
the  requirement  on  uj^t)  as 

=  (348) 

Since  the  state  z^t)  in  (3.48)  is  completely  arbitrary,  the  necessary  and  sufficient  condition  for  existence 
of  a  Ua  satisfying  (3.48)  for  all  zj^t)  is 

rank[P|  ]  =  rank[P] ,  (3  49) 


or  equivalently. 


such  that 


If  (3.49)  is  satisfied,  then  it  is  possible  to  obtain  a  (possibly  nonunique)  matrix  Ta 


(3.50) 


in  which  case  the  control  term  u^t)  in  (3.48)  can  be  chosen  to  have  the  ideal  structure 

«<i(0“ro^o(0  ,  (3.51) 

during  the  interval  kT^t<(k  +  l)T  .  Recall,  however,  that  the  digital  control  decisions  at  time  t  =  kT 
must  be  b^ed  on  measurements,  or  estimates,  of  the  state  Za(/)  available  at  the  beginning  of  each  sample- 
interval  t  -  kT,  k  =  0,  1,  2,  ...  .  Therefore,  the  predicted  or  forecasted  behavior  of  Zo(t)  across  each 
mtersample  interval  must  be  determined  in  terms  of  z^kT).  This  relationship  is  found  in  the  general 
solution  to  (3.45)  evaluated  at  each  t  over  the  interval  from  ifcrto  /  =  (;H-1)7’ 


^a(0  =  e^‘('-*\(kT)  +  rJ0 


kT^t<(k  +  l)T, 


(3.52) 


where  ro(/)  is  a  post-sample  residual-effect  given  by  r„(t)  = 


The  ra(t)  term  is  a  consequence  of  the  totally  unknown,  unmeasurable,  sparse 
impulses  CT„(0  in  (3.45)  that  may  arrive  ^t  =  kT,  and  which  are  the  cause  of  the  uncertain,  intersample 

P^ameter  disturbance  vector  (AA)x(t).  For  reasons  discussed  below 
Sir  •  rt  pf  the  <7^0  impulses  cannot  be  predicted  or  accounted  for  and  consequently  the  rdt) 
teim  in  (3.52)  is  ignored.  Substituting  (3.52)  into  (3.51),  ignoring  the  residual  term,  and  using  the 

fom  of  ^®”°*®.“^‘Sitaycontinuous”  (D/C)  control,  results  in  the  following  final  (idealized) 

form  of  the  Ua  term  of  the  digital  servo-tracking  controller 


^aitikT)=ry‘^-'‘^^z,(kr). 


(3.53) 
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3.2.6.  Dfsign  of  the  Uf{kT)  Control  Term  to  Achieve  the  Ideal  Model  Characteristics 
in  (335) 


The  u^kT)  control  term  in  (2.63)  must  be  redesigned  in  order  to  accommodate  the 
A/4-effects.  To  accomplish  this,  Kp  in  (2.64)  is  designed  to  achieve  the  ideal  model  characteristics  in 

(3.35).  The  control  designer  must  choose  Kp  according  to  the  subspace  stabilization  technique 
presented  in  Subsection  2.11.1,  with  A  replaced  by  and  A  replaced  by  throughout  the 

design  process,  and  with  the  restriction  that  the  eigenvalues  of  ^A^  and  (A2  +£2^^  in  (2.84) 

(which  are  also  the  eigenvalues  of  {Afj  +  BKp^  )  are  selected  to  match  the  eigenvalues  of  A„=e^'^  for 
Am  defined  in  (3.35).  That  is,  L  and  Z  are  chosen  to  satisfy 


det 


XL- 


Z 

0 

0 

A2  +  B2Z 

(3.54) 


where  A^,  B^,  A2,  and  B2  are  defined  in  (2.84).  The  (ideal)  digital-control  term  u,J{kT)  is  then  chosen 
as 


Up{kT)  =  -Kpe„{kT) 

=  -Kp{9c{kT)-x{kT)) 


(3.55) 


33.  Summary  of  the  Enhanced  Digital  Servo-Controller  for  the  Ideal  Case 

If  the  plant,  disturbance,  servo-command,  and  parameter  disturbance  states 
{x{kT),  z(kT),  c{kT),  Zg{kT)  }  are  available  for  direct,  real-time  measurement  (the  ideal  case),  then  the 
enhanced  digital  servo-controller  can  be  implemented  ideally  as 

«(/;  kT)  =  (/;  kT)  +  u,  (t;  kT)  +  Up  {kT)  +  (t;  kT)  ,  (3 .56) 

where  the  terms  Uc{t-,kT)  and  uXf,kT)  are  given  in  (3.25)  and  (3.26),  uXt-,kT)  is  given  in  (3.53)  when 
AA^O  and  Ug{t,kT)  =  0  when  AA  =  0,  and  UfkkT)  is  designed  as  in  Subsection  3.2.6  when  the  term 
uJ^t;kT)  is  included,  or  as  in  Section  2.1 1  when  u„{t,kT)  s  0 


3.3.1.  Practical  Realization  of  the  Enhanced  Digital  Servo-Controller 

Two  state-observers  were  designed  in  Chapter  2.  The  same  discrete-time  reduced- 
order  state-observer  described  in  Subsection  2.13.3  is  used  here  to  estimate  c(,kT)  of  the  servo-command 

state  c{kT).  Estimates  x{kT) ,  z{kT),  and  z^{kT)  of  the  plant  state  x{kT),  disturbance  state  z{kT),  and 
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the  parameter-perturbation  state  z^kT),  respectively,  will  be  obtained  from  a  modified  form  of  the 
discrete-time  full-order  state-observer  in  (2.107).  This  modified  state-observer,  called  a  “hybrid 
composite  state-observer”  [33],  differs  from  the  discrete-time  full-order  state-observer  described  in 
Subsection  2.13.2  in  that  the  hybrid  full-order  state-observer  uses  a  D/C  control  input  u{t-JcT)  as  opposed 
to  the  stepwise-constant  z.o.h.-lype  of  control  input  u{kT)  used  by  the  discrete-time  full-order  observer. 
The  particular  hybrid  composite  state-observer  to  be  presented  in  Subsection  3.3.3  is  based  on  the  ideas 
in  [33]. 


3-3.2.  A  Discrete-Tune  Composite  IN^odel  of  the  Plant,  Disturbance,  and  Parameter- 
Perturbation  Dynamics 


In  order  to  design  the  hybrid  full-order  state-observer,  a  composite  system  must  be 
obtained.  Substituting  (3.43)  into  (3.32)  yields 


x(,t)  =  AffX(t)  +  Bu(t)  +  Fw(t)  -  (/) . 


(3.57) 


A  discrete-time  model  for  (3.57)  can  be  determined  by  the  same  procedure  used  in  Section  2.6  to  obtain 
(2.18).  In  that  way,  the  following  difference  equation  is  obtained  (assuming  u(t)  =  u(kT)  =  constant): 


x((k  +  l)T)  =  A^x(kT)  +  Bu(kT)  +  FHzikT)  +  r{kT)  -  ((yt  + 1)7^ , 


(3.58) 


where  5  ,  F/f ,  and  y  are  as  derived  in  (2.18)  and  (2.23)  (with^  replaced  by  ^;^),  and 

v„((A:  +  l)r=  +  (3  59) 

Note  that  v;,((^  +  l)r)  is  similar  to  the  v  ((A:  + 1)7) -term  in  (2.18).  The  term 
v,((^  +  l)7)  requires  knowledge  of  wJ^t)  (actually  (A4)x(r))  over  the  entire  sampling-interval 
*7  ^  r  ^  (^  + 1)7 .  In  general,  at  the  time  r  =  ^7  it  is  impossible  to  accurately  and  consistently  predict  the 

“'"SI  “"‘pertain,  unmeasurable  quantity  (A4)x(r)  over  the  remainder  of  that  sampling- 
interval.  Therefore  to  make  (3.58)  practically  useful,  it  is  necessary  to  further  investigate  and 
approximate  the  term  v,((A  + 1)7)  in  (3.59).  The  iT  ((A  + 1)7^  term  can  be  simplified  by  inco^orating 
the  waveform-model  in  (3.45)  for  the  time  variations  of  -(A4)x(r)  =  w„(r)  .  Substituting  r  for  /  in 
(3.45)  and  substituting  the  result  into  (3.59)  yields 


,  ((A:  + 1)7’  =  (r  +  kT)dx . 


(3.60) 


solution  oUM  is 


(3.61) 
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where  represents  the  state-transition  matrix  for  matrix  Da  in  (3.45).  Substituting  (3.61)  into  (3.60) 
and  simplifying  terms  yields 

{{k  +  \)T  =  H^z^  (kT)  +  (kT) ,  (3 .62) 

where 

and 

KikT)  =  £ J[ kT)d^T . 

Consolidating  (3.58)  and  (3.62)  yields  the  “exact”  discrete-time  plant-model 


x((k  +  1)T)  =  A^x(kr)  +  Bu(kT)  +  FHz{kT)-  H,z, {kT)  +  f  (^7)  -  {kT) ,  (3.63) 

y  =  Cx{kT) 

which  is  mathematically  equivalent  to  (3.58)  under  the  model  assumption  in  (3.45)  and  under  the 
assumption  that  u{t)  =  u{kT)  =  constant . 

A  discrete-time  model  for  the  time-evolution  of  Zcl{kT)  can  be  developed  by  letting 
^■^(^o+(^  +  l)7’)  in  (3.61)  and  recalling  from  the  comments  below  (2.18)  that  (;t+l)r  denotes 
/o+(^l)7  to  obtain 

Za(i.k  +  \)T)  =  D,z,{kT)  +  cr,{kT),  (3.64) 


where 


and 


Da  is  assumed  constant, 


S,{kT)  =  +  kT)d^ . 

Expressions  (2.25),  (3.63),  and  (3.64)  can  now  be  combined  to  form  the  composite 
discrete-time  model 
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;c((;t  +  l)70^ 

FH 

-Ha 

f  x(kr)^ 

^B^ 

(rm-Yam'] 

z((k  +  l)T) 

= 

0 

D 

0 

z(kD 

0 

u{kT)  + 

am 

U((^  +  1)7)J 

0 

0 

Da 

[zaikT)] 

K  ^aikT)  J 

f 

X^r)=(c|o|o) 


im 


.(3.65) 


However,  the  model  in  (3.65)  is  obtained  under  the  assumption  that  the  control-action 
remains  constant  between  the  sample  times  («(/)  =  u(kT)  =  constant)  and  therefore  is  not  an  accurate 
model  when  a  D/C  control-action  is  used.  In  that  case,  (3.65)  must  be  modified  to  include  the  time- 
vaiying  portion  of  the  D/C  servo-control  in  (3.56).  Across  each  of  the  sampling  intervals,  the  control- 
action  governed  by  (3.56)  can  be  divided  into  a  discrete-time  part  u^kT),  that  consists  of  a  stepwise- 
constant  zero-order-hold  type  control-action,  and  a  continuous  “time-vaiying  interpolating”  [33]  part 
M((-).  Thus,  M(r)  can  be  written  as 

w(r)  =  Wp(^D  +  w,(r);  kT^T<{k  +  \)T,  (3.66) 

where  UjfJcT)  is  constant  in  value  between  consecutive  sample  times  and 

C^-)  =  ir\kT)  +  u,{t-,kT)  +  uXr\kT)  (3.67) 

is  the  portion  of  uitJcT)  in  (3.56)  that  is  allowed  to  vary  with  time  across  each  intersample  interval. 

nature  of  a,(r)  changes  the  structure  of  the  discrete-time  model  in 

modify  (3.65)  to  accurately  reflect  the  time-varying  nature  of  the  D/C  servo-control  in 
(3.56),  It  IS  necessary  to  return  to  the  general  solution  of  (3.57) 

x{{k  + 1)7^)  =  e'^>'‘^x{kT)  +  +  v((A^  + 1)^)  -  IT  ((it  + 1)7^  ^  (3.68) 

and  incorporate  (2.23),  (3.62),  and  (3.66)  to  obtain 

*((A:  + 1)7^))  =  A^x(kT)  +  +  «,  (r)]cfr  +  FHz(kT) 

+  r{kT)-H,z,(kT)-y^{kT) 

Since  UpikT)  is  constant,  it  can  be  factored  out  of  the  integral  in  (3.69),  resulting  in 

x{ik  +  l)T))  =  Afjx(kT)+BUp(kT)  +  y/(u,)+  FHz{kT) + y{kT) 

-H,2,(kT)-r,(kT)  ’ 


where 
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Using  (3.69),  the  composite  discrete-time  model  from  (3.65)  is  rewritten  to  accurately 
reflect  the  time-varying  nature  of  the  digital  servo-controller  in  (3.56) 

For  A4  =  0: 


(3.71) 


and 

For  A,4  ?^0: 


':c((A:  +  l)r)^  ri"]  f¥^(u,)) 

z((k  +  l)T)  =  0  3  0  z(kT)  +  0  Up(kT)+  0 

Zp((k+\)T))  0  I  0  I  5,  {z„(kT))  [oj  I  0  > 

^y(kT)-rp(kT)^ 

+  ^(kT) 

,  S,(kT)  ) 


(3.72) 


|'je(^7’)] 

y(kT)  =  {C  I  0  I  0)  z(kT) 

\Zp(kT)) 

The  quantities  r(kT),  Y„(kT),  a(kT),  and  5„(kT)  in  (3.71)  and  (3.72)  are 
completely  unknown,  unpredictable,  and  unmeasurable  “residual-effects”  [33,34].  The  y(kT)  and 
5(kT)  are  consequences  of  the  sparse,  uncertain  a{t)  impulses  associated  with  the  external  disturbance 
model  for  m'(/)  in  (2.20)  and  the  y^ikT)  and  5a(kT)  are  consequences  of  the  uncertain  <jJ(t)  impulses 
associated  the  parameter  perturbation  model  in  (3.45),  each  of  which  arrive  in  a  random,  time-sparse 
manner  during  the  intervals  between  each  of  the  sampling  instants  kT<t<(k  +  \)T .  The  aj(f)  impulses 
are  similar  to  the  unpredictable  and  uncontrollable  o(t)  impulses  discussed  in  Section  2.6.  For  the 
reasons  stated  below  (2.26),  the  o(r)  (and  also  the  t^(0  term),  and  consequently  the 
y(kT),  ya(kT),  d(kT),  and  da(kT)  terms  as  well,  will  be  ignored.  Thus  (3.71)  and  (3.72)  are  rewritten 
in  the  truncated  form 


72 


For  AA  =  0: 


z{ik  +  i)T))  1  j[z(kr)J  I  0  . 


(3.73) 


y(kT)  =  (C  I 

^  '  \z(kT) 


For  AA  ^0: 


jf((^  +  i)F)^  pi  p(«,)' 

z(ik  +  \)T)  =  _0 _ D _ 0_  z{kT)  +  0  Up{kT)+  0 

z,i{k  +  \)T))  0  I  0  I  .5,  U(^F)J  UJ  I  0  . 


(xikT) 

y{kT)  =  {C  I  0  I  0)  z{kT) 

U(m 


(3.74) 


333.  The  Design  of  Hybrid  Full-Order  State-Observers  for  the  Composite  Systems 
in  (3.73)  and  (3.74) 

The  hybrid  full-order  state-observer  for  the  composite  system  in  (3.73)  is  obtained  by 
adding  the  control-related  term  ^ j  (3.73)  to  the  discrete-time  full-order  observer  equations  in 

(2.107)  as  follows: 


x((k  + 1)7)^  _  2—HL  f +  fl. 

z((k  +  l)T)J  0  B  l^(^T)/^lo 


+  —  i^p(.kT)  + 


¥(m,) 

0 


(3.75) 


where  is  precisely  the  same  observer  gain-matrix  designed  in  Subsection  2. 13.2. 
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The  hybrid  full-order  state-observer  for  the  composite  system  in  (3.74)  is  obtained  by 
mcoiporating  the  composite  model  from  (3.74)  into  the  discrete-time  full-order  observer  equations  i 


m 


(2.107)  and  adding  the  control-related  term 


in  (3.74)  as  follows: 


I  0  J 


x((k  +  i)r)^ 

FH 

f  x(kr)'^ 

(wM 

z((k +  i)D 

= 

0 

D 

0 

z{kT) 

4- 

0 

Up{kT)  + 

0 

[zA(^  +  i)r)) 

0 

0 

Da 

K^AkT)) 

.oj 

0  J 

jc(A:7^) 

+ 

(C|0|0) 

z{kT) 

-y{kT) 

4 

K^AkT)) 

(3.76) 


where  = 


‘■01 


K. 


02 


K, 


03 


is  an  observer  gain-matrix  to  be  designed. 


The  general  evolution  equation  for  the  error  dynamics  of  the  hybrid  full-order  state- 
^server  in  (3.76)  is  obtained  in  the  same  manner  as  (2.109),  using  the  composite  system  from  (3  74) 
The  result  IS  as  follows:  v  • 


eM+m'" 

(  x((A:  +  l)77> 

j«:((yt-(-l)r)^ 

e,{{k  +  \)T) 

= 

m+m 

- 

z{ik  +  \)T) 

U,((^+iwJ 

Aa(ik  +  \)T)) 

^zM+m) 

^0\C 

FH 

f 

= 

D 

0 

^AkT) 

KoiC 

0 

Da 

(3.77) 


error 


s,(kD 


As  discussed  in  Subsection  2.13.2,  it  is  desirable  to  design  so  that  the  observer 
approaches  zero  promptly.  This  can  be  achieved  if,  and  only  if,  the  states  x(kT),  z(k7). 


and  z^kT)  are  completely  observable,  that  is,  if,  and  only  if 


rank 


Cl  Alcl  2^'cl  ... 


=n+p+n 
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where 


A, 

FH 

-K 

Aq  - 

0 

D 

0 

0 

0 

Da 

and 


Co=(C|0|0). 


In  that  case,  standard  pole  placement  techniques  are  used  to  determine  an  appropriate  .  In  that  way, 
Kq  is  designed  such  that  the  eigenvalues  A,  of  the  block-matrix  (see  (3.77)) 


FH 

-Ha 

K02C 

D 

0 

0 

Da 

(3.78) 


are  at  suflficiently-damped  locations  inside  the  unit  circle  ( |A,|  <  1)  of  the  complex  plane.  Designing 
to  achieve  this  latter  condition  will  assure  that  the  estimated  values  x{kT),  z(kT),  and  z^ikT)  of  the 
plant,  external  disturbance,  and  parameter-perturbation  states,  respectively,  quickly  converge  to  and 

accurately  track  the  corresponding  actual  plant  state  x(kT),  disturbance  state  z(kD,  and  parameter- 
perturbation  state  zj(kT). 


^  block  diagram  of  the  hybrid  full-order  observers  in  (3.75)  and  (3.76)  is 

shown  m  Fi^re  3.1.  This  hybrid  full-order  observer  replaces  (2.107)  as  presented  in  Subsection  2.13.2 
w  en  the  add-on  enhancements  in  Chapter  3  are  incorporated  into  the  new  digital  servo-controller.  The 
dashed  lines  in  Figure  3.1  are  the  components  of  the  hybrid  full-order  observer  in  (3.76)  that  differ  from 
the  discrete-time  full-order  state-observer  shown  in  Figure  2.8. 
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Figure  3.1  A  Hybrid  Full-Order  Observer  for  Generating  Real-Time  Estimates  of  the  Plant  State  x{kT), 
Disturbance  State  z{kT),  and  Parameter-Perturbation  State  ZckkT). 


Incorporation  of  the  discrete-time  reduced-order  state-observer  (from  Subsection  2.13.3)  and 
the  hybrid  full-order  state-observer  in  (3.75)  for  A/4  =  0  or  in  (3.76)  for  A4  0  will  result  in  a  physically- 
realizable  implementation  of  the  digital  servo-control  law  in  (3.56)  having  the  form 

u{f,kT)  =  r,e^<'-*^f(AT)  +  T,e^^‘-'‘'^c{kT)  -  Kp(ecikT)  -  x^kT)) 


3.4.  Improved  Tracking  Performance  through  Multirate  Sampling 

Up  to  this  point  in  the  design  of  the  digital  servo-tracking  controller,  the  periodic  samplers  of 
the  system  output  data  y(/)  and  command  input  data  ^<<0  have  been  assumed  to  operate  in  a  fully 
synchronized  manner  with  the  same  sampling-period  T  (sampling-rate  1/7).  In  conventional  digital- 
control  this  is  called  a  single-rate  system.  Although  single-rate  systems  comprise  the  vast  majority  of 
implemented  digital  control  systems,  there  also  exist  practical,  digitally-controlled  systems  which  utilize 
two  or  more  synchronized  samplers  operating  at  different  sampling-rates.  Such  systems  are  referred  to  as 
multirate  digital  control  systems. 
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Practical  applications  where  a  multirate  digital-control  system  is  used  can  be  found  in  aircraft 
flight-control  systems  where  the  flight-control  data-link  computer  typically  operates  at  a  rate  different 
from  the  rate  of  the  radar  antenna  [80].  Multirate  sampling  is  sometimes  introduced  deliberately  into  the 
controller  in  order  to  improve  system  performance.  A  digital  controller  operating  at  a  higher  rate  than 
the  basic  sampling-rate  for  the  system  measurements  is  an  example  of  this  sort  of  situation  [79].  It  was 
shown  in  [58]  that  properly  designed,  multirate  digital  controllers  can  achieve  higher  performance  than 
those  using  single-rate  sampling. 

In  principle,  the  new  digital  servo-tracking  controller  as  developed  in  Chapters  2  and  3  can 
utilize  different  sampling-rates  to  achieve  a  level  of  servo-tracking  performance  that  cannot  be  matched 
using  a  single-rate  servo-controller.  There  are  many  different  ways  of  implementing  the  digital  servo¬ 
tracking  controller  in  (3.79)  as  a  multirate  servo-controller.  For  example,  each  of  the  control  terms  in 
(3 .79)  could  be  implemented  at  a  different  sample-rate  determined  by  individual  design  specifications,  or 
by  analysis  of  the  problem  requirements. 

A  particular  multirate  implementation  technique  that  has  been  used  in  many  practical 
applications  is  the  technique  involving  two  distinct  and  synchronized  sample-periods,  Tc  and  Ty, 
associated  with  the  ^o  distinct  vector-inputs,  yc  and  y,  to  the  digital  servo-tracking  controller  u{tJcT). 
The  first  sample-period  Tc  is  associated  with  the  real-time  measurements,  or  processing,  of  the  servo- 
command  vector  ydf).  Updates  of  the  servo-command  data  are  assumed  to  be  available  every  t  =  kTc, 
k  —  Q,  1,  2,  ...  .  The  second  sample-period  Ty  is  associated  with  the  measurements,  or  processing,  of  the 

plant-output  vector  y(r).  The  sample  periods  Tc  and  Ty  are  synchronized  and  assumed  to  have  the  integer- 
multiple  relationship 

(3.80) 


where  7  is  a  positive  integer.  This  particular  multirate  system  is  illustrated  in  Figure  3.2. 

w{t) 


Figure  3.2  Configuration  of  a  Two-Rate  Type  of  Multirate  Digital  Servo-Tracking  Controller. 
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In  the  implementation  of  (3.79)  as  a  two-rate  type  of  multirate  digital  servo-controller,  the 
control  terms  associated  with  the  plant  run  at  the  sample-rate  1/7^  and  the  control  terms  primarily 
associated  with  the  servo-command  yj(t)  operate  at  the  different  sample-rate  M  T^=\l  {rjTy)  For 

example,  the  control  terms  Uc  and  in  (3.56)  would  typically  run  at  a  higher  sample-rate  MTy  in  order  to 
better  respond  to  changes  in  the  external  disturbance  m'(/)  and  parameter  perturbations  AA.  On  the  other 
hand,  the  control  terms  Us  and  Up  in  (3.56)  would  typically  not  require  processing  at  that  same  rate  and 
could  be  implemented  to  run  at  the  slower  rate  MTc.  In  that  case,  the  physically-realizable  digital  servo¬ 
tracking  controller  from  (3.79)  would  have  the  form 

m(/;  kT-,  kTy  )  =  u,  (t;  kTy  )  +  u,  (/;  kT, )  -H  (kT, )  +  u,  (t;  kTy  ) 

=  r,e^'-'‘^^^z(kT^)  +  r,e^<'-*">c(^7;)  -  Kp{ec(kT,)-  xikT,))  • 

For  this  example,  the  hybrid  full-order  state-observer  in  (3.76)  would  be  implemented  using 
sample-period  Ty  while  the  discrete-time  reduced-order  state-observer  in  (2.1 13)  would  be  implemented 
using  sample-period  Tc.  Those  state-observer  designs  will  yield  the  state  estimates  x{kTy),  z(kTy), 

i^'^y  )  5  c(kT^ ) .  If  any  of  the  digital-control  terms  involve  intersample,  time-varying  components, 
the  y/(u, )  term  in  the  hybrid  full-order  state-observer  design  must  be  computed  as  (refer  to  (3.70)) 

(3.S2) 

Notice  that  the  control  term  Uy(kT,)  =  -Kp(0c(kT,)- x(kT,)}  in  (3.81)  requires  estimates 
x(/cT,)  of  the  plant  state  x(0  at  each  of  the  times/ =  ^7;,  k  =  0,l,  2,  ....  However,  those  state  estimates 
are  generated  for  the  sample-period  Ty  by  virtue  of  the  hybrid  full-order  state-observer  running  at  sample- 
rate  1/Ty.  Also,  recall  that  it  is  assumed  in  this  Section  that  the  samplers  are  synchronized  and  the 
sample-periods  have  the  integer-multiple  relationship  given  in  (3.80).  Then  the  necessary  estimate 
x(kT^)  may  be  obtained  by  passing  x(kTy)  through  a  zero-order-hold  device  having  a  hold  time  of  r^. 


The  digital  servo-tracking  control  law  in  (3.56)  can  be  modified  to  take  full  benefit  of  the  use 
of  multiple  sample-rates.  For  example,  the  particular  multirate  servo-controller  in  (3.81)  can  be  altered 
such  that  an  inherently  unstable,  or  highly-oscillatory,  plant  (An  matrix  having  poles  in  the  right-half 
complex  plane  or  on,  or  near,  the  imaginaiy  axis)  would  be  controlled  and  stabilized  at  the  higher 
sample^ate  1/7;.  In  that  way  an  additional  control  term,  postulated  in  continuous-time  as 
(0  ~  >  should  be  designed  such  that  the  continuous-time  homogeneous  equation 

^(0  ~  (An  +  »  n 


has  certain  specified  eigenvalues.  For  that  purpose,  K„  should  be  selected  such  that 

det[Al  -  (A, +BKJ]=  PM,  (3.8 

where  PmCk)  is  given  in  (3.36)  and  the  matrix  .,4„  in  (3.35)  is  replaced  by  the  composite  matrix  An^BK^, 
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+  BK^  . 


(3.85) 


The  discrete-time  counterpart  to  the  design  of  in  (3.83)  is  to  choose  K„  to  obtain 
det[AI-(2f;,  +M„)]  =  det[AI-^], 


where, 


Bdv, 


A„  =  ;  forA„  defined  in  (3.85), 


and  select 


UaAkT,)  =  K„x{kT). 


(3.87) 


Assuming  the  ideal  choice  for  (kT^,)  in  (3.87)  is  implemented,  the  control  terms  u^t;kTc) 
in  (3.26)  and  u/^kTc)  in  (3.55)  would  be  designed  using  the  new  A  matrix.  That  is,  the  term  An  (or  A) 
would  be  replaced  by  A^+BK„  (or  A  +  BKJ  and  A^  (or  A)  would  be  replaced  by  the  matrix 

exponential  "  (or  )  throughout  the  design  of  u^t,kTc)  in  Subsection  3.1.3  and  u^kTc) 

in  Subsecti^on  3.2.6  (for  A4  ^  0)  or  Section  2.1 1  (for  A4  =  0).  In  that  way,  the  improved  ideal  multirate 
servo-controller  equation  in  (3.81)  becomes 

«(/; kTy ■,kT^)  =  u, (r; kTy )  +  u, (/; kT, )  +  Up (kT, )  +  (/; kTy )  +  (kTy ) 


=  r,e‘'^‘-'‘^y^z(kTy)  +  r,e 


E(t^kT) 


'<kT,) 


(3.88) 


-  Kp(ec{kT,)  -  x(kT,))  +  ryA>-^^y^^j^Ty)  +  K„x(kTy) 


Estimates  2(kTy),  x(kTy),  f,(^7;),  and  c{kT,)  are  obtained  from  a  discrete-time  reduced- 
order  and  hybrid  foil-order  state-observer  as  described  in  Subsections  2.13.3  and  3.3  3  respectivelv 
coSaCrita  ™  »  Phyaically-raaliaabla,  multirate  Urvo-ttacking 
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4.  SOME  ILLUSTRATIVE  EXAMPLES  AND  SIMULATION  RESULTS 


4.1.  Description  of  the  Examples  to  be  Considered 

In  this  chapter  the  new  digital  servo-tracking  controller  design  procedure,  developed  in 
Chapters  2  and  3,  is  applied  to  several  specific  examples  to  illustrate  the  effectiveness  of  the  design 
process  and  the  closed-loop  performance.  In  particular,  the  following  examples  and  subcases  are 
considered: 

Example  1)  An  unstable  second-order  plant  with  a  stepwise-constant  disturbance  w(/)  and  a  stepwise- 
constant  servo-command  y^t).  A  digital  servo-tracking  controller  i4kT)  is  designed  by  the 
subspace  stabilization  method  presented  in  Chapter  2.  Simulation  results  are  presented  to 
illustrate  the  servo-tracking  performance. 

Example  2)  A  third-order  plant  with  a  stepwise-constant  disturbance  w(/)  and  a  stepwise-constant 
servo-command  yAf).  A  digital  servo-tracking  controller  u{kT)  is  designed  by  the  subspace 
stabilization  method  presented  in  Chapter  2.  Simulations  results  are  given  to  illustrate  the 
servo-tracking  performance  and  to  show  the  motions  of  the  servo-state  vector  e^,(kT) 
within  the  j ; 

Example  3)  A  stable  first-order  plant  with  a  step+ramp  disturbance  w(t)  and  a  step  servo-command 
yA.t)-  A  digital  servo-tracking  controller  is  designed  and  simulation  results  are  given  for  the 
following  four  subcases: 

Subcase  1)  a  plant  with  knovra,  constant  parameters  controlled  by  a  digital  servo- 
controller  t4(kT)  using  conventional  stepwise-constant  (z.o.h.)  control-action 
(from  Chapter  2); 

Subcase  2)  a  plant  with  known,  constant  parameters  controlled  by  a  digital  servo- 
controller  t4{t;kT)  using  one  form  of  digital-continuous  control-action  (from 
Chapter  3); 

Subcase  3)  a  plant  with  constant,  uncertain  parameters  controlled  by  a  digital  servo- 
controller  u(t;kT)  using  digital-continuous  control-action  (from  Chapter  3). 
This  is  compared  with  the  results  for  the  same  plant  and  uncertain  parameters 
using  stepwise-constant  tz  o  h  1  control-action  u(kT);  and 

Subcase  4)  a  plant  with  constant,  uncertain  parameters  controlled  by  a  multirate  servo- 
controller  u(t;kTc;kTy)  using  digital-continuous  control-action  (from  Chapter 


Example  4)  An  unstable  first-order  plant  with  a  step+ramp  disturbance  w(t)  and  a  constant+exponential 
servo-command  yc(t).  A  single-rate  u(t;kT)  (Subcase  4a)  and  multirate  u(t;kTc;kTy) 
(Subcase  4b)  servo-controller  utilizing  digital-continuous  control-action  (from  Chapter  3)  is 
desired  and  simulation  results  are  given  for  the  case  of  known,  constant  plant  parameters 
and  the  case  of  constant,  uncertain  plant  parameters;  and 
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Example  5)  An  unstable  second-order  plant  with  a  (step+ramp)  x  exponential  disturbance  w(t)  and  a 
stepwise-constant  servo-command  yc(t).  A  single-rate  u(t;kT)  (Subcase  5a)  and  multirate 
u(t;kTc;kTy)  (Subcase  5b)  servo-controller  utilizing  digital-continuous  control-action  (from 
Chapter  3)  is  designed  and  simulation  results  are  given  for  fixed  plant  parameters  and  for 
constant,  uncertain  plant  parameters. 


4.2.  Example  1:  Digital  Servo-Tracking  Control  Design  Utilizing  a  Stepwise-Constant 
(z.o.h.)  Control-Action  u{kT)  for  the  Case  of  a  Second-Order  Plant  and  Stepwise- 
Constant  Servo-Command  yc(r)  Subjected  to  a  Stepwise-Constant  Disturbance  w(t) 

The  purpose  of  Example  1  is  to  illustrate  the  digital  servo-tracking  controller  design 
techniques  presented  in  Chapter  2.  This  example  is  worked  for  the  case  of  a  digital  servo-controller 
using  stepwise-constant  (z.o.h.)  control-action  u{kT).  Simulation  results  are  provided  for  the  example 
plant. 


4.2.1.  Plant,  Disturbance,  and  Servo-Command  Models  for  Example  1 


equation: 


The  plant  for  Example  1  is  modeled  by  the  following  second-order  differential 


y(0  =  «(0  +  M'(0-  (4.1) 

The  disturbance  w{t)  is  an  uncertain,  unmeasurable  stepwise-constant  disturbance  represented  by 

Mf)  =  cx,  ^^2) 

where  c,  may  “jump”  in  value  from  time-to-time.  The  interval  between  successive  jumps  in  c,  is 
assumed  to  be  somewhat  larger  than  the  sampling-period  T. 

The  state  model  for  the  plant  in  (4.1)  is  easily  determined  by  choosing  x,  (t)  =  y(t) 
and  jcj  =y(t)  as  follows: 


i:(/)  =  Ax(t)  +  Blit)  +  Fw{t) 

y(0  =  Cx(0  ’  (4.3) 

where 


.  A  similar  state  model  is  developed  for  the  disturbance  w{t)  in  (4.2)  using  the 
techmques  descnbed  m  Section  2.5,  by  noting  that,  between  juntp,  in  c„  the  disturbance  W)  is  govLS 
by  the  linear  homogeneous  differential  equation  “ 


M<0  =  0. 


(4.4) 
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Using  the  methods  described  in  Section  2.5,  the  state  model  for  w(t)  is  obtained  as 


w(t)  =  Hz(0 
z(t)  =  Dz(t)+<7(t) 


where 


H=h 
D  =  0, 


<j{t)  are  uncertain,  sparse  sequences  of  impulses  that  “cause”  the  occasional  “jumps” 
in  the  disturbance  w(/). 

Using  the  technique  described  in  Section  2.6,  discrete-time  models  are  obtained  for 
the  plant  and  the  disturbance.  Those  models  are  (the  sample-period  T  is  held  as  a  variable  throughout  the 
computations); 


Plant: 


x{{k  +  l)r)  =  Ax{kT)  +  Bu{kT)  +  FHz(kT)  +  y(kT) 
y{kT)  =  Cx{kT) 

where 


(4.6) 


and 


5  = 


1 - 

CN 

1 _ 

2 

T 

C  =  (l,  0), 
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Disturbance: 


w{kT)  =  Hz{kT) 

ziUk  +  l)r)  =  Dz{kT)  +  “BikT)  ’ 

where 


H  =  \, 


a{kT)  =  kT)d4 . 

The  servo-command  yjj)  is  assumed  to  be  an  unknown  stepwise-constant  command 

represented  by 


ycit)=cx  ,  (48) 

where  c,  may  occasionally  jump  in  value  at  unknown  times. 

The  linear  homogeneous  differential  equation  governing  the  motions  of  yj(t)  in  (4.8) 
between  jumps  in  c,  is 

M0  =  0.  (4  9) 

. ^  for  the  servo-command  y^t)  is  obtained  using  (4.9)  and  the  method 

outlined  in  Section  2.5.  That  state  model  is  obtained  as 

y,(0  =  Gc(f) 

c(t)  =  £c(t)+^(t)  ’  (4-10) 


where 

G=l, 

E=0, 

and 

MO  are  unknown,  sparse  sequences  of  impulses  that  “cause”  the  sparse  uncertain  “jumps”  in  the  servo- 

command  yc(t). 


the  technique  described  in  Section  2.6,  a  discrete-time  model  is  obtained  for 
the  servo-command.  In  that  way,  this  model  is  written  as 


yAkT)  =  GcikT) 

c((A:  -I- 1)7)  =  Ec{kT)  +  '^{kT) 
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(4.11) 


where 


G=l, 

E  =  e^=e^^=\, 


M(kT)  =  £  +  kT)d^ . 

For  reasons  discussed  in  Chapter  2,  the  unknown,  unpredictable  terms  yikT), 
<j{kT) ,  and  JiikT)  in  (4.6),  (4.7),  and  (4.1 1)  are  disregarded  throughout  the  design  process. 


4.2.2.  The  Necessary  and  Sufficient  Condition  for  Achieving  Exact  Servo-Tracking  for 
Example  1 

The  objective  is  to  design  a  digital  servo-tracking  controller  for  the  plant  in  (4.1)  such 
that  the  tracking-error,  defined  by 

Sy{t)  =  ycit)-yi.t),  (4.12) 

goes  to  zero  in  the  face  of  arbitrary  plant  initial  conditions  and  unmeasurable  plant  disturbances.  As  first 
shown  in  [37],  the  necessary  and  sufficient  condition  for  achieving  theoretically  exact  servo-tracking  is 
that  the  vector  servo-command  input  ye(/)  must  consistently  lie  in  the  column  range-space  of  the  plant- 
output  matrix  C  in  (4.3)  for  all  t.  In  the  present  example,  satisfaction  of  this  condition  requires  that  (from 
(2.33)) 


9l[G]c<R[C]  .  (4  13) 

If  (4.13)  is  satisfied,  then  it  is  possible  to  express  G  as  some  linear  combination  of  the  columns  of  C. 

That  is,  G  =  for  some  possibly  nonunique  6.  Substituting  C  and  G  from  (4.3)  and  (4.10)  into  G  =  CO 

yields 


1  =  (1,  0)^. 

Expression  (4.14)  is  satisfied  for  the  following  9  : 

^  =  • 

voj 


(4.14) 


(4.15) 


The  discrete-time  models  for  the  plant  (4.6),  disturbance  (4.7),  servo-command 
(4.1 1),  and  the  ^determined  in  (4.15)  will  now  be  used  to  design  a  digital  servo-tracking  controller  using 
the  design  techniques  presented  in  Chapter  2  of  this  report. 
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4.2.3.  The  Necessary  and  Sufficient  Conditions  for  Stabilizing  e^{kT)  to  Sm  for 
Example  1 

The  control  task  is  to  design  a  discrete-time  control  algorithm  for  uikT)  such  that  the 
servo-st^e  vector  esi^kT)  defined  in  (2.38)  becomes  stable  to  and  invariant  for  a  subspace 

=b{Jcjct<[C],  for  some  C  in  (2.46),  having  largest  dimension  V,  v  =  0,  1,  «-iw.  To  perform 

this  task,  begin  by  choosing  v  =  «  -  ot  =  2  - 1  =  1  (the  dimension  of  b(C]  is  1).  The  n  x  {n-m)  maximal 
rank  matrix  Mis  chosen  such  that  (same  as  (2.92)) 

CM  =  (1,  0)Af  =  0, 

where  Af  is  selected  as 


M  = 


(4.16) 


Next,  form  the  set  R„_„  according  to  the  procedure  given  in  Subsection  2.1 1.7.  For  Example  1,  that  set 
is 


R»-m-Rl-{l}  =  {^Il}.  (4.17) 

Since  the  contains  only  one  element,  we  choose  form  the  matrix  product 


and  choose  C  according  to  (2.46)  and  (2.66),  in  which  case, 

^  =  ^  =  0’  0).  (4  ,3) 

Now  the  necessary  and  sufficient  conditions  for  e^^kT)  to  be  asymptotically  stabilized  to 

5,  =^C]  =  ^fC']  for  the  A,  B,  FH ,  E,  6,  M,  R,  and  C  in  (4.6),  (4.11),  (4.15),  (4.16),  (4.17),  and 
(4. 1 8)  are  as  follows  (refer  to  the  conditions  on  page  62) 


condition  a': 

m[CAMR]c3i[CB]; 

(from  (2.80)), 

or  equivalently. 

rank[C5  |  c3a/r]  =  rank[C5] ; 

(from  (2.81)), 

where 
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rank|C5  |  =  ranki 


=  1, 


and 


rank 


|c5j  =  rank! 


=  1, 


Clearly,  condition  a'  is  met; 

condition  b':  there  exists  a  f,  such  that  (2.60)  is  satisfied.  The  necessaiy  and  sufficient  condition 

for  the  existence  of  a  f,  satisfying  (2.60)  is  (same  as  (2.52)) 

rank|c 0E-CA0  j  Cfi j  =  rankjc5 j , 

where 


rankle |  C.5]  =  rank 


0 


=  1, 


and  rank^C5j=  1  was  determined  in  condition  a'  above.  Clearly,  condition  b'  is  met 
and  is  chosen  to  satisfy  (same  as  (2.60)) 


^eE-Ae-Bf,'^  =  -^f^=Q.  (4  29) 

A  that  satisfies  (4.19)  for  Example  1  is 

(4.20) 

The  digital  control  term  UsikT)  in  (2.62)  can  thus  be  chosen  ideally  as 

«,(A7)  =  f,c(A:r) 

=  Qc{kT)  ’ 


condition  c': 
for  existence  of  a 


Jhere  exists  a  f,  such  that  (2.59)  is  satisfied.  The  necessaiy  and  sufficient  condition 
satisfying  (2.59)  is  (same  as  (2.53)) 


rank 


CFH  CB 


where 
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rank 

cfh\cb 

=  rank 

■j2 

ji- 

-  - 

_  2 

2 

and  rankjc^j  =  1  was  determined  in  condition  a'.  Clearly  condition  c'  is  met  and 
is  chosen  to  satisfy  (same  as  (2.59)) 


C 


Bf^+FH 


=  0. 


A  that  satisfies  (4.22)  for  Example  1  is 


r,=-i. 

The  digital  control  term  Uc{kT)  in  (2.61)  can  thus  be  chosen  ideally  as 

UcikT)  =  f^z{kT) 

=  -\z{kT)’ 


(4.22) 


(4.23) 


(4.24) 


condition  d': 


there  exists  an  r  x  (w  -  v)  constant  L  such  that  solutions  ^„,(ytr)  to  (2.85)  are 
uniformly  and  asymptotically  stable  to  the  null-point  4,  {kT)  =  0 .  The  characteristic 
polynomial  of  the  system  in  (2.85)  is 


det^AI  -  (Aj 


-1, 


(4.25) 


(4.25)  is 


where  J?,  and  5,  are  defined  in  (2.84).  One  choice  for  L  that  will  achieve  |A|<1  in 


Z  = 


(4.26) 


4.2.4.  The  Necessary  and  Sufficient  Conditions  for  Maintaining  Bounded  Motions  of 
e^{kT)  within .^1 

Conditions  a',  b',  c',  and  d'  in  the  previous  Subsection  have  been  met.  It  remains  to 
test  therondition  necessaiy  to  satisfactorily  maintain  bounded  motions  of  e^(kT)  within  the  subspace 

i5,  =  =  Cj .  As  discussed  in  Subsection  2. 1 1 .6,  there  must  exist  an  r  x  (n  -  w)  gain  term  Z  such  that 

all  solutions  4*2  to  (2.88)  remain  bounded.  The  characteristic  polynomial  of  the  system  in  (2.88)  is 

det^AI  -  (A2  +  ^2^))  =  Z  +  \,  (4.27) 
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where  A2  --1  and  B2  -0  (refer  to  (2.84)).  Clearly,  (4.27)  is  independent  of  Z  and  the  choice  of  Z  is 
arbitrary,  assuming  the  eigenvalue  Z  of  A2  is  such  that  |Z|  <  1 .  From  (4.27)  we  have  Z  =  -1 ,  therefore 
this  condition  is  not  satisfied. 


4.2.5.  The  Necessary  and  Sufficient  Conditions  and  the  Digital  Servo-Controller 

Design  for  Stabilizing  e^(kT)  to  theNuIlpoint 

In  the  previous  Subsection,  the  necessary  and  sufficient  condition  for  maintaining 
bounded  motions  of  e^(kT)  within  a  subspace  S\  failed  to  be  satisfied.  We  then  proceed  to  test 
subspace  Sv  where  V  =  «-  /m-1  =  2-1-1  =  0.  The  subspace  So  is  the  “improper”  subspace  known  as 
the  nullpoint.  For  the  special  case  of  nullpoint  stabilization,  C  =  I  (where  I  is  the  nxn  («  =  2)  identity 
matrix)  and  the  design  of  u(kT)  in  (2.55)  proceeds  as  follows. 

The  necessary  and  sufficient  conditions  for  existence  of  the  control  terms  Uc(kT) 
satisfying  (2.56)  and  u^kT)  satisfying  (2.57) Js  given  in  (2.53)  and  (2.52),  respectively.  Satisfaction  of 
those  conditions  is  shown  as  follows  (where  C  =  I ): 


for  uJ^kT): 


rank 


CFH\CB 


(same  as  (2.53)), 


(4.28) 


where 


rank 

CFH 

CB 

=  rank 

1 _ 

7.2- 

2 

. 

T 

T 

=  1, 


and 


rank 


=  rank 


ll 

2 

T 


=  1; 


for  u^kT):  rankjc 9E  —  CA 6  |  C5j  =  rankjc^j ;  (same  as  (2.52)), 

where 


(4.29) 


Tark\ceE  -CA9\Cb]  =  rank 

L  J 

0 

T2- 

2 

0 

T 
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and  rank^C^j  is  given  below  (4.28). 


The  rank  conditions  in  (4.28)  and  (4.29)  are  met  and  and  f,  are  designed  to  satisfy  (2.59)  and  (2.60), 
respectively.  That  is, 


for  n 


C\  BT,+FH\  = 


IL 

2 

T 


rc  + 


Zl 

2 

T 


=  0; 


for  r 


CiOE-AO 


iL 

2 

T 


r,=o. 


The  Tj  and  that  satisfy  (4.30)  and  (4.31)  are 

and 

f,=0. 

The  ideal  digital-control  terms  u^kT)  and  u^kT)  in  (2.61)  and  (2.62)  can  thus  be  written  as 

u,{kT)  =  fXkT) 

=  -\z{kT)’ 

and 


u,{kT)  =  f^cm 

=  Qc{kT)  ■ 


(4.30) 


(4.31) 


(4.32) 


(4.33) 


(4.34) 


(4.35) 


The  u^kT)  control  term  is  postulated  as  in  (2.63),  where  the  gain-matrix  is 
designed  to  place  the  eigenvalues  of  {A  +  M^)  in  (2.64)  at  sufficiently  damped  locations  inside  the  unit 
circle  j^|<l .  For  the  present  example,  the  gain-matrix  is  designed  such  that  all  eigenvalues  of 
(2-64)  are  at  zero.  The  design  of  is  shown  as  follows: 


de.(.a-a+gj?,))=a-  + 


X^\\-~K^,^TK 


pi 


(4.36) 
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The  appropriate  choice  of  Kp  for  achieving  =  0  (deadbeat  response)  in  (4.36)  is  to  choose  Kp  as 


such  that  the  ideal  choice  for  u,ikT)  in  (2.63)  becomes 
Up{kT)  =  -Kpe^m 

■(f’ 

=  j^(y^{kT)-y{kT))-j^x,{kT) 


(4.37) 


(4.38) 


4.2.6.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for  Example  1 

The  ideal  digital  servo-tracking  control  law  designed  using  the  methods  described  in 
Sections  2.9  through  2.11  for  Example  1  described  by  the  plant,  disturbance,  and  servo-command  in 
(4.1),  (4.2),  and  (4.8),  is  as  follows 

r^kT)  =  u,{,kT) + «,(A:7’)+  Up{kT) ,  (4.39) 

where  u^kT),  uXkT),  and  u,XkT)  are  given  in  (4.34),  (4.35),  and  (4.38),  respectively. 

The  digital  servo-tracking  controller  in  (4.39)  is  designed  for  the  ideal  case  where 
exact  measurements  of  o^kT),  z(kT),  and  c{kT)  are  assumed  available.  For  this  example,  yj^t)  is  a 
stepwise-constant  which  is  directly  measurable  at  each  of  the  times  t  =  kT,  k  =  0,  1,2,  ...  .  Thus, 
estimates  of  c(kT^  are  not  needed  (  y^kT)  =  c{kT)  ).  On  the  other  hand,  the  state  vectors  z{kT)  and  x{kT) 
(with  the  exception  x^{kT)  =  y{kT))  are  not  available  for  measurement  and  must  be  estimated. 
Estimates  z^kT)  and  x{kT)  of  z{kT)  and  x(kT),  respectively,  can  be  generated  by  a  discrete-time  full- 

order  state-observer  as  described  in  Subsection  2.13.2.  The  general  form  for  the  discrete-time  full-order 
state-observer  is  (same  as  (2.107)) 


p((^+i)r)^ 

A 

FH 

u(kT)  + 

vrml 

U((^+i)r)J 

0 

D 

U(A:7’)J^ 

loj 

(4.40) 


where  Kq  = 


A2 


(4.6)  and  (4.7). 


is  an  observer  gain-matrix  to  be  designed,  and  A,  FH,  B,  C,  and  D  are  defined  in 


The  general  discrete-time  evolution  equation  for  the  error  dynamics  of  the  discrete¬ 
time  full-order  state-observer  is  (same  as  (2.109)) 
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It  is  desirable  to  design  ATg  so  that  the  observer  error  |  always  converges  to 


Tsro  promptly,  from  any  initial  condition.  Pole  placement  techniques  can  be  used  to  determine 
appropriate  .  The  characteristic  polynomial  of  the  observer  error  in  (4.41)  is 


an 


det 


>11- 


2+KojC 

FH 

Ko^C 

=  det 


1  T 
0  1 
0  0 


zl 

2 

T 

1 


=  -(4 +3)^=  +[2X.,  -r4  +3]^ 


^01  ^-^02,  +“^■•^022 


(4.42) 


For  the  present  example,  is  designed  such  that  the  roots  of  the  characteristic  polynomial  in  (4.42) 
at  A,  =  0  (deadbeat  response).  A  that  achieves  deadbeat  observer  response  is: 


are 


K,= 


K, 


01 


‘•02 


r  \ 

-3 


IT 

j_ 

V  >2; 


(4.43) 


The  discrete-time  full-order  state-observer  for  x(Ar)  and  z{kT)  is  then  obtained  by  substituting  values 
from  (4.6)  and  (4.7)  into  (4.40).  The  result  is 


^^.((^  +  1)7)^ 
X2(.{k  +  \)T) 


V^{{k  +  \)T) 


1 

T 

zl 

^  y»2  ^ 

2 

^x(kr)^ 

2 

0 

0 

1 

0 

T 

^likT) 

[ziikT)} 

+ 

T 

1 

0 

- 

<  J 

»{kT)  +  (K^'^x{kT)-y{kT))  , 


(4.44) 


where  y{kT)  and  u(kT)  in  (4.44)  are  the  inputs  and  x{kT) ,  z{kT) ,  x{ik  + 1)7) ,  and  z((A:  + 1)7)  are  the 
outputs  of  the  discrete-time  full-order  state-observer,  and  Kq  is  given  in  (4.43). 


4.2.7.  Simulation  Results  for  Example  1 

Incorporation  of  the  discrete-time  full-order  state-observer  equations  in  (4.44)  into 
(4.39)  results  in  the  following  physically-realizable  digital  servo-tracking  control  law  for  Example  1 : 

uikT)  =  (kT)  +  {kT)  +  Up  {kT) 

=  -KkT)  +  {kT)  -  y{kT))  -^x,  {kT) 

Simulations  results  were  obtained  for  the  unstable,  second-order  plant  (4.1),  stepwise- 
constant  disturbance  (4.2),  and  stepwise-constant  servo-command  (4.8),  compensated  by  the  digital 
servo-controller  in  (4.45)  using  a  control  sample-period  of  7=0.1.  The  simulation  results  shown  in 
Figure  4.1  illustrate  the  plant  output  y{t),  the  disturbance  w{t),  and  the  servo-command  yc{t)  for  Example 
1.  The  simulation  plot  in  Figure  4.2  shows  the  servo-tracking  error  £y{t)  =  yc{t)~  yO)  for  Example  1. 

The  large  “jumps”  in  the  servo-tracking  error  ^t)  (|f^(/)|  >  1 )  are  caused  by  the  unexpected  jumps  in  the 

servo-command  y^t).  The  small  fluctuations  in  s^t)  are  caused  by  the  uncertain  jumping  of  the 
disturbance  w(r).  In  both  cases,  the  servo-controller  in  (4.45)  compensates  for  the  sudden  changes  in  ycj{t) 
and  w(/)  and  controls  the  tracking-error  £y{t)  ->  0  within  a  finite  amount  of  time  (“settling-time”). 
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43.  Example  2:  Digital  Servo-Tracking  Control  Design  Utilizing  a  Stepwise  Constant 
Control-Action  u(kT)  for  the  Case  of  a  Third-Order  Plant  and  Stepwise-Constant  Servo- 
Command  ^c(/)  Subjected  to  a  Stepwise-Constant  Disturbance  w(t) 

The  purpose  of  Example  2  is  to  illustrate  the  subspace  stabilization  procedure  presented  in 
Chapter  2.  This  example  is  worked  for  the  case  of  a  digital  servo-controller  using  stepwise-constant 
(z.o.h.)  control-action  u(kT).  Simulation  results  are  provided  for  the  example  plant. 


43.1. 


equation*: 


Plant,  Disturbance,  and  Servo-Command  Models  for  Example  2 

The  plant  for  Example  2  is  modeled  by  the  following  third  order  differential 


>■(0  =  y(0  -  0.5y(r)  -  y(0 + M,  (0  -  “i  (0  +  (t)  +  U2  (0 + w(0  •  (4.46) 


The  disturbance  -w{f)  is  an  uncertain,  unmeasurable  stepwise-constant  disturbance  represented  by  (4.2) 
and  having  continuous-time  and  discrete-time  state  models  given  in  (4.5)  and  (4.7),  respectively. 

The  state  model  for  the  plant  is  easily  determined  by  choosing  x,(r)  =  y(r), 
^2  =>’(0>^d  X3  =y(0  as  follows: 


x(t)  =  Ax{t)  +  5«(r)  +  Fw{t) 
yi.t)  =  Cx{t) 


(4.47) 


where 


0 

1 

O' 

'l 

o' 

^0^ 

A  = 

0 

0 

1 

,B  = 

0 

0 

,  F  = 

0 

-1 

-Oi 

1 

0 

1 

a; 

C  =  (l,  0,  0). 


Using  the  technique  described  in  Section  2.6,  a  discrete-time  model  is  obtained  for 
the  plant.  Assuming  a  control  sample-period  of  r=  0.1 ,  this  model  is: 


x{{k  +  1)70  =  Ax{kT)  +  BuikT)  +  FHz{kT)  +  r{kT) 
ym  =  Cx{kT) 


(4.48) 


where 


A  =  e 


AT 


0.9998 

-0.0052 

-0.1051 


0.0999 

0.9972 

-0.0577 


0.0052 

0.1051 

1.1023 
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B  = 


0.1000 

-0.0002 

-0.0052 


0.0002 

0.0052 

0.1051 


and 


'0.0002’ 

FH=^  dr  = 

0.0052 

0.1051_ 

C  =  (l,  0,  0), 


r{kT)  =  j[  . 


The  servo-command  y^t)  is  assumed  to  be  an  unknown  stepwise-constant  command 
represented  by  (4.8)  and  having  continuous-time  and  discrete-time  state  models  given  in  (4.10)  and 
(4.11),  respectively. 


43.2.  The  Necessary  and  Sufficient  Condition  for  Achieving  £xact  Servo-Tracking  for 
Example  2 

The  objective  is  to  design  a  digital  servo-tracking  controller  for  the  plant  in  (4.46) 
such  that  the  tracking-error,  defined  by 


(4.49) 


goes  to  zero  in  the  face  of  arbitrary  plant  initial  conditions  and  unmeasurable  plant  disturbances.  As  first 
shown  in  [37],  the  necessary  and  sufficient  condition  for  achieving  theoretically  exact  servo-tracking  is 
that  the  vector  servo-command  input  ^^(0  must  consistently  lie  in  the  column  range-space  of  the  plant- 
^  example,  satisfaction  of  this  condition  requires  that 


9l[G]c9i[C] 

If  (4.50)  is  satisfied,  then  there  exists  a  (possibly  nonunique)  matrix  9  such  that  G  =  CO.  Substitutine  C 
and  G  from  (4.47)  and  (4. 1 0)  into  G  =  €9  yields  ^ 


1  =  (1,  0,  0)^. 


Expression  (4.51)  is  satisfied  for  some  9.  In  particular. 


(4.51) 


95 


e= 


fr 

0 


[OJ 


(4.52) 


The  discrete-time  models  for  the  plant  (4.48),  disturbance  (4.7),  servo-command 
(4.1 1),  and  the  ^determined  in  (4.52)  will  now  be  used  to  design  a  digital  servo-tracking  controller  using 
the  design  techniques  presented  in  Chapter  2  of  this  report. 


4JJ.  The  Necessary  and  Sufficient  Conditions  for  Stabilizing  e^(kT)  to  Sy,  for 
Example  2 

The  control  task  is  to  design  a  discrete-time  control  algorithm  for  u(/t7)  such  that  the 
servo-st^e  vector  CsikT)  defined  in  (2.38)  becomes  stable  to  and  invariant  for  a  subspace 

cb^C]  (for  some  choice  of  C  in  (2.46))  having  largest  dimension  v,  V  =  0,  1,  ...,  n-m.  To 

perform  this  task,  begin  by  choosing  v  =  «-  iw  =  3-  l  =  2  (the  dimension  of  N[C]  is  2).  The  maximal 
rank  matrix  Mis  chosen  such  that  (same  as  (2.92)) 

CM  =  (l,  0,  0)M  =  0, 

where  Mis  selected  as 

^0  O' 

\  Q  .  (4.53) 

lo  ij 


Next,  form  the  set  R„_„  according  to  the  procedure  given  in  Subsection  2.1 1.7.  For  Example  2,  that  set 
is 


n—tn 


^1  o' 

<0  h 


■-{^21}  • 


(4.54) 


Since  the  R„_„  contains  only  one  matrix,  we  choose  /?  =  /?2i .  fonn  the  matrix  product 


MR  = 


^0  0^ 
1  0 
0  \) 


and  choose  C  according  to  (2.46)  and  (2.66),  in  which  case, 
C  =  C  =  (1,  0,  0). 


(4.55) 
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Now  the  necessary  and  sufficient  conditions  for  e,^{kT)  to  be  asymptotically  stabilized  to 

S2  =^C]  =  i^C]  foTiht  A,  B,  FH,  E,e,M,  R,  and  C  in  (4.48),  (4.11),  (4.52),  (4.53),  (4.54),  and 
(4.55)  are  as  follows  (refer  to  the  conditions  on  page  62) 

condition  a':  c  91[C5]  (from  (2.80)), 

or  equivalently, 

rank[C£  ]  =  rank[C5] ;  (from  (2.81)), 

where 

rank|c.ff  |  CJ4Afl?j  =  rank[0.1,  0.0002  |  0.1,  0.0052]=  1, 
and 


condition  h': 


rank|C5j  =  rank[0.1 ,  0.0002]  =  1 . 

Clearly,  condition  a'  is  met; 

there  exists  a  f,  such  that  (2.60)  is  satisfied.  The  necessary  and  sufficient  condition 
for  the  existence  of  a  f,  satisfying  (2.60)  is  (same  as  (2.52)) 

rank[c^.E  -CA0\cb]  =  rank[c.s], 

where 


-CA0  |  C^j  =  rank[0.0002  |  0.1,  0.0002]  =  !, 

and  rank[C5]  =  1  was  determined  in  condition  a'.  Clearly,  condition  b'  is  met  and  f  , 
is  chosen  to  satisfy  (same  as  (2.60)) 


c[^£-20-.fff^  =  O.OOO2-O.Olf^,  -0.0002f,2  =0- 

A  f,  that  satisfies  (4.56)  for  Example  2  is 


(4.56) 


(4.57) 


The  digital  control  term  u^kT)  in  (2.62)  can  thus  be  chosen  ideally  as 
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u,{kT)  =  YAkT) 


=\MkT,  ; 


(4.58) 


=  IJ>'c(^70 


condition  c  :  there  exists  a  such  that  (2.59)  is  satisfied.  The  necessary  and  sufficient  condition 

for  existence  of  a  f,  satisfying  (2.59)  is  (same  as  (2.53)) 


rank  C  FH  \  CB  =  rank 


^[cb]. 


where 


rankj^C  FH\CB^  =  raiik[0.0002  |  0.1 ,  0.0002]  =  1 , 

and  rankJC5j=  1  was  determined  in  condition  a'.  Clearly  condition  c'  is  met  and 
is  chosen  to  satisfy  (same  as  (2.59)) 


C  j9r^  +FH  =  0.01  f.,  +  0.0002  f ^  +  0.0002  =  0 . 


(4.59) 


A  that  satisfies  (4.59)  for  Example  2  is 


(4.60) 


condition  d': 


The  digital  control  term  u^kT)  in  (2.61)  can  thus  be  chosen  ideally  j 
u,{kT)  =  fAkT) 


2(kT) 


(4.61) 


there  exists  an  r  x  (n  -  v)  constant  matrix  Z  =  f '  such  that  solutions  4,  (kT)  to 

.■^2  J 

(2.85)  are  uniformly  and  asymptotically  stable  to  the  null-point  4,,  (kT)  =  0 .  The 
characteristic  polynomial  of  the  system  in  (2.85)  is 


det(/ll  -  (J?,  +  5, 1))  =  A  -  0.ll,  -  0.00024  -  0.9998 , 


(4.62) 
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where  A,  and  B,  are  defined  in  (2.84).  One  choice  for  Z  that  will  achieve  U  \<1 
in  (4.62)  is  '  '■ 


Z  = 


-10 

0 


(4.63) 


4J.4.  The  Necessary  and  Sufficient  Conditions  for  Maintaining  Bounded  Motions  of 
^ss  within  for  Example  2 


♦  wu  the  previous  Subsection  have  been  met.  It  remains  to 

est  the  wndition  necessary  to  satisfactorily  maintain  bounded  motions  of  e,,(kT)  within  the  subspace 

As  discussed  in  Subsection  2.11.6,  there  must  exist  an  r  x  (n  -  m)  matrix 


5v=N[C  =  C] 


Z  = 


■"12 


-21  -22j  Characteristic 

polynomial  of  the  system  in  (2.88)  is 


det(zi-(22  +B:^Z)j  =  X^  +(0.0002Z,2  -  0.0052  Zj,  -O.lOSlZjj  -2.l)/l 
+  (o.10514  -0.0053Z2,  -0.0002Z,2  + 1-1053)  ’ 

where  ^  and  are  defined  in  (2.84).  One  choice  for  Z  that  will  achieve  \A,\<  1  in  (4.64)  is 


Z  = 


0 

0 


0 

“11- 


(4.65) 


4.3.5.  Calculation  of  the  Gain-Matrix  and  the  Idealized  Digital  Control  Term 
Up(kT)  for  Example  2 

^  The  gam-matrix  .S,  can  be  computed  from  (2.83)  by  incoipotating 
R,  C,  r,  and  Z  from  (4.48),  (4.53),  (4.54).  (4.55).  (4.63),  and  (4.65)  to  obtain  the  gain- 

Kp=-(CB)*CAMR(MRy  +[l-(CByCB]Z(Amy  +  LC 

r  ■  (4.66) 

-10  -  0.9991  -0.0329' 

[  0  -  0.0017  -11.0001 

Snbatituting  (4.66)  into  (2.62)  yields  the  idealized  fom  of  the  control  tem.  u/tT), 
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u^m  =  -K^e,,{kT) 


(4.67) 


10  0.9991  0.0329 

0  0.0017  11.0001 


e^{.kT) 


43.6.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for  Example  2 

The  ideal  digital  servo-tracking  control  law  designed  using  the  methods  described  in 
Sections  2.9  through  2.1 1  for  Example  2  described  by  (4.46),  (4.2),  and  (4.8),  is  as  follows 

tKkT)=u,{kT)+u,(kT)  +  Up{kT),  (4.68) 

where  u^kT),  u^,  and  u^kT)  are  given  in  (4.61),  (4.58),  and  (4.67),  respectively. 

The  digital  servo-tracking  controller  in  (4.68)  is  designed  for  the  ideal  case  where 
exact  measurements  of  x(kT),  z(kT),  and  c(kT)  are  available.  For  this  example,  y^t)  is  a  stepwise- 
constant  which  is  directly  measurable  at  each  of  the  times  t  =  kT,k  =  0,  1,  2, ... ,  thus,  estimates  of  c(yt7) 
are  not  needed  (  ydkT)  =  c(kT) ).  On  the  other  hand,  the  state  vectors  z(kT)  and  x(kT)  (with  the  exception 
X,  (kT)  =  y(kT) )  are  not  available  for  measurement  and  must  be  estimated  in  order  for  the  digital  servo- 
controller  to  be  physically  realizable.  Estimates  z{kT)  and  x^kT)  of  z(Ar7)  and  jt(A:7),  respectively,  are 
pnerated  by  a  discrete-time  full-order  state-observer  as  described  in  Subsection  2.13.2.  For  purposes  of 
illustration  and  to  reduce  the  computational  complexity,  a  discrete-time  full-order  observer  is  not 
computed  for  the  present  example. 


4«3«7.  Simulation  Results  for  Example  2 

Simulations  results  were  obtained  for  the  third-order  plant  (4.46),  stepwise-constant 
disturbance  (4.2),  and  stepwise-constant  servo-command  (4.8),  compensated  by  the  digital  servo- 
controller  in  (4.68)  using  control  sample-period  7=0.1.  The  simulation  results  shovra  in  Figure  4.3 
illustrate  the  plant  output  y{t),  the  disturbance  M<r),  and  the  servo-command  y^t)  for  Example  2.  The 
simulation  plot  in  Figure  4.2  shows  the  servo-tracking  error  £y(jt)  =  yc(,t)-y{t)  for  Example  2.  The 

servo  command  y,(0  “jumps”  at  the  times  /  =  0.5,  1.4,  5.6,  and  8.1.  At  each  of  those  jumps,  the  tracking 
error  (r)  =  y^{t)  -  y{t)  also  jumps,  equivalent  to  the  total  jump  in  the  servo-command. 

The  plot  in  Figure  4.5  illustrates  the  motions  of  e„2(0  and  e„3(0  projected  onto  W[C] 
(the  -  ^^3  plane).  Examination  of  the  plot  in  Figure  4.5  reveals  jumps  in  and  es^t) 

corresponding  to  the  times  of  the  servo-command  “jumps”  {t  =  0.5, 1 .4,  5.6,  and  8.1).  When  the  tracking- 
error  £y{t)  =  0,  the  servo-state  «0  and  is  increasing  at  a  very  slow  rate.  The  3-dimensional 

view  of  the  motions  of  the  servo-state  vector  are  shown  in  Figure  4.6.  As  long  as  the  motions  of 
ess{t)  remain  in  the  K[q  (the  shaded  area  in  Figure  4.6),  the  tracking  error  e^t)  will  be  zero. 
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Illustration  of  the  Plant  Output  yit).  Disturbance  w(t),  and  Servo-Command 
Example  2. 


y^t)  for 


Recall  from  Subsection  4.3.6  that,  in  order  to  reduce  the  computational  complexity, 
no  observer  was  designed  for  the  present  example  and  exact  measurements  of  the  plant  state  x(kT)  and 
disturbance  state  z{kT)  were  assumed  available.  The  disturbance  accommodating  control  term  ujiJcT)  in 
(4.61)  was  designed  to  completely  cancel  the  effects  of  the  disturbance  w{t)  on  the  servo-tracking  error 
at  each  of  the  times  t  =  AT,  A  =  0,  1,  2,  ...,  assuming  exact  measurements  of  r(yt7).  Consequently, 
no  disturbance  effects  due  to  w(0  are  present  in  the  simulation  plots  shown  in  Figure  4.3  through  Figure 

In  order  to  show  the  effects  of  the  disturbance  wit)  and  the  difference  that  the  control 
term  u^kT)  has  on  the  present  example,  simulation  results  were  obtained  for  the  example  plant  (4.46), 
disturbance  (4.2),  and  servo-command  (4.8),  compensated  by  the  digital  servo-controller  in  (4.68)  with 
u^kT)  —  0  and  using  control  sample-period  T=  0.1.  The  simulation  results  shown  in  Figure  4.7  illustrate 
the  plant  output  y(0>  the  disturbance  w(r),  and  the  servo-command  yj^t)  for  Example  2  with  uJlJcT)  =  0. 
The  simulation  plot  in  Figure  4.8  shows  the  servo-tracking  error  Ey{t)  =  y^{t)-y(^t)  for  Example  2  with 

u^kT)  =  0.  Notice  that  Figure  4.7  appears  identical  to  Figure  4.3  and  Figure  4.8  appears  identical  to 
Figure  4.2,  even  though  the  disturbance-related  control  term  u^kT)  =  0  and  the  disturbance  w(t)  9^  0  in 
Figure  4.7  and  Fipire  4.8.  Due  to  the  nature  of  the  plant  dynamics  in  (4.46),  the  motions  of  the 
disturbance  are  primarily  confined  to  X[C]  and  have  virtually  no  effect  on  the  plant  output  y(0  and 

consequently,  no  noticeable  effect  on  the  servo-tracking  error  (i.e.,  no  w(r)  disturbance  effects 
appear  m  Figure  4.7  or  Figure  4.8).  Recall  from  (2.43)  that  the  disturbance-effects  of  w(t)  on  the  servo- 

state  vector  e^,ikT)  are  represented  by  the  term  FHz(kT)  and  that  the  servo-tracking  error  s^ikT)  and 
the  servo-state  vector  e,,(kT)  are  related  by  £y{kT)  =  Ce^(kT)  (same  as  (2.44)).  Then  the  total  effect 
of  the  disturbance  w(t)  on  the  servo-tracking  error  £^(kT)  is  determined  by  the  matrix  product 

‘0.0002' 

CFHz(kT)  =  {l,  0,  0)  0.0052  z(ytr) 

0.1051 


=  0.m2z{kT) 


disturbance  on  the  servo-tracking  error  is 

The  plot  in  Figure  4.9  illustrates  the  motions  of  Csdt)  and  projected  onto  N[C] 
(the  plane)  for  the  case  of  «#7)  =  0  in  (4.68).  Examination  of  the  plot  shown  in  Figure  4  9 

reveals  )  and  e^^t)  corresponding  to  the  times  of  the  servo-command  “jumps” 

(t  0.5,  1 .4,  5.6,  and  8. 1 )  ^  the  times  of  the  disturbance  “jumps”  (/  =  0.5, 3.2,  3.9,  5.8,  and  7.9).  From 

examination  of  (2.43),  the  matrix  FH  in  (4.48),  and  the  plot  shown  in  Figure  4.9  it  is  clear  that  the 
majority  of  the  disturbance-effects  due  to  w(t)  are  on  the  servo-state  Csssit). 
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Figure  4.7  Illustration  of  the  Plant  Output  j<r).  Disturbance  w(0,  and  Servo-Command  y^t)  for  Example 
2  with  UcHJcT)  =  0. 


Control  Sample-Period:  7  =  0.1 


yc(t) 


yW 


•T 

I  Lti 


y(0 


Tracking  Error 


Figure  4.8  Illustration  of  the  Servo-Tracking  Error  s^t)  =y^f)  .y(t)  for  Example  2  with  u^kT)  =  0. 
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Figure  4.9  Illustration  of  the  Motions  of  e,s2(t)  and  e„3(0  Projected  Onto  N[C]  for  Example  2  with 
uJikT)  =  0. 


To  further  illustrate  the  variety  of  motions  that  can  occur  in  the  N[c]  (the  e^2  - 

plane),  different  values  for  L  in  (4.62)  and  Z  in  (4.64)  were  chosen  to  achieve  a  different  set  of 
eigenvalues  for  the  homogeneous  closed-loop  system  (the  homogeneous  portion  of  (2.64)) 

+  \)T)  =  [2  +  M^]e^{kT) .  (4.69) 

Choosing  the  gain-matrix  Z  as  in  (4.63)  again  and  the  Z  gain-matrix 

[-7  -2oJ’ 

in  (4.64)  results  in  the  gain-matrix 

Kp  =  -(CBY  CAMR{MR)*  +  [I  -  {CBY  CB]Z{MRY  +  LC 

(4.70) 

_  -10  -  0.9872  -  0.0175' 

[  0  -7.0137  -20.0017 

The  control  term  Up{kT)  in  (4.67)  is  thus  rewritten  as 
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(4.71) 


u^{kT)  =  -K^e,SkT) 

‘10  0.9872  0.01751  , 

0  7.0137  2O.OOI7J  “ 

and  the  digital  servo-tracking  control  law  u(kT)  in  (4.68)  is  rewritten  as 

u{kT)  =  u,  (kT)  +  u,  (kT)  +  Up{kT),  (4.72) 

where  uJlJiT),  uJikT),  and  «p(A:7)  are  given  in  (4.58),  (4.61),  and  (4.71). 

The  factored  characteristic  polynomial  of  the  closed-loop  system  in  (4.69)  using  the 
Kp  computed  in  (4.70)  is 

det(AI  -  (A  +  BKp)^  =  (A  +  O.OOOIXA  +  0.9987)(;l  -  0.9605) . 


matrix 


A  third  choice  for  the  gain-matrices  Z  and  Z  is  as  follows. 


Choosing  the  gain' 


in  (4.62)  and  the  gain-matrix 


in  (4.64)  results  in  the  gain-matrix 

Xp  =  -(CZy  CAMRiMR)**  +  [I  -  (CBY  CB]Z{MRY  +  LC 


-8  -  0.9428  -  0.0431 
~IS  -33.0016  -  5.0052 

The  control  term  u/^kT)  in  (4.67)  is  thus  rewritten  as 


(4.73) 


Up(kr)  =  -Kpe,AkT) 

_r  8  0.9428  0.04314] 

“[-8  33.0016  5.0052 

and  the  digital  servo-tracking  control  law  u(kT)  in  (4.68)  is  rewritten  as 
u(kD  =  u,  (kT)  +  u,{kT)  + Up  {kT) , 


(4.74) 


(4.75) 
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where  u/JcT),  udkT),  and  UpikT)  are  given  in  (4.58),  (4.61),  and  (4.74). 

The  factored  characteristic  polynomial  of  the  closed-loop  system  in  (4.69)  using  the 
Kp  computed  in  (4.73)  is 


detfAl  -  {A+Mpi)  =  (A  -  0.2012)(;i  -  0.7017  +  03131/XA  -  0.7017  -  0.5131/) , 


where  /  =  -v/m  . 


Simulation  results  showing  the  plant  output  y(f),  disturbance  and  servo- 
command  y^t)  are  illustrated  in  Figure  4.10  (for  i^kT)  in  (4.72))  and  Figure  4.14  (for  i4kT)  in  (4.75)). 
The  simulation  results  in  Figure  4.11  (for  u(kT)  in  (4.72))  and  Figure  4.15  (for  u{kT)  in  (4.75))  illustrate 
the  servo-tracking  error  £y{t)  =  y^(t)-  y(t) .  The  motions  of  the  servo-states  e„2(t)  and  e„3(0  projected 

onto  h^C]  (the  plane)  are  illustrated  in  the  simulation  plots  in  Figure  4.12  (for  u(Jt7^  in  (4.72)) 

and  Figure  4.16  (for  u(k7)  in  (4.75)).  The  plane  results  shown  in  Figure  4.12  and  Figure  4.16 

are  clearly  labeled  to  illustrate  the  periods  of  time  when  yd/)  is  constant.  The  simulation  plot  in  Figure 
4.12,  for  example,  shows  slowly  decaying  oscillations  of  the  servo-state  motions,  even  though  the 
tracking  error  ^/)  is  zero  during  those  times.  At  each  time  the  servo-command  yd/)  “jumps”  (at  the 
times  /  =  0.5,  1.4,  5.6,  and  8.1),  a  different  set  of  oscillations  is  invoked.  In  contrast,  the  servo-state 
motions  shown  in  Figure  4.16  spiral  toward  the  origin  (e„2  =c«3  =0)  when  yd/)  is  constant  and  jump 
away  from  the  origin  whenever  the  command  yd/)  jumps  in  value.  The  3-dimensional  view  of  the 
motions  of  the  servo-state  vector  are  shown  in  Figure  4.13  (for  «(A7)  in  (4.72))  and  Figure  4.17  (for 
u(k7)  in  (4.75)).  As  long  as  the  motions  of  remain  in  the  X[q  (the  shaded  area  in  Figure  4.13  and 
Figure  4.17),  the  tracking  error  ^/)  will  be  zero. 
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Figure  4.10  Illustration  of  the  Plant  Output  y(t).  Disturbance  w(t),  and  Servo-Conunand  y^t)  for 
Example  2  using  u(kT)  in  (4.72). 


Control  Sample-Period:  7=  0.1 
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Figure  4.12  Illustration  of  the  Motions  of  e„2(0  and  e„3(t)  Projected  Onto  K[C]  for  Example  2  usir 
i^kT)  in  (4.72). 
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Figure  4.13  3-Dimeneionul  View  of  the  Servo-State  ej,t)  Motions  for  Example  2  with  Discrete-Time 
Closed-Loop  Poles  at  ;i  =  -0.0001,  -0.9987.  -0.9605 


8 
6 
4 
2 
0 
-2 
-4 

0  5  10 

Figure  4.14  Illustration  of  the  Plant  Output  y(t),  Disturbance  w(t),  and  Servo-Command  y^t)  for 
Example  2  using  t^kT)  in  (4.75). 


Control  Sample-Period:  7=  0.1 
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Figure  4.15  Illustration  of  the  Servo-Tracking  Error  s^t)  =  y^t)  -  y(t)  for  Example  2  Using  uikT) 
in  (4.75). 
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Control  Sample-Period:  7=  0.1 


-0.6  -0.4  -0.2  0  0.2 


Figure  4.16  Illustration  of  the  Motions  of  e„2(0  and  e„3(/)  Projected  Onto  N[C]  for  Example  2  Using 
u{kT)  in  (4.75). 


Figure  4.17  3-Dimensional  View  of  the  Servo-State  e„(0  Motions  for  Example  2  with  Discrete-Time 
Closed-Loop  Poles  atJL  =  0.2012,  0.7017  ±0.5131/ 


4.4.  Example  3:  A  First-Order  Plant  and  Step  Servo-Command  ydt)  Subjected  to  a 
Step+Ramp  Disturbance  w(t)  and  Parameter-Perturbation  Aa 

The  purpose  of  Example  3  is  to  illustrate  and  compare  each  of  the  digital  servo-controller 
design  techniques  presented  in  Chapters  2  and  3.  This  example  is  worked  for  the  case  of  a  digital  servo- 
controller  using  stepwise-constant  (z.o.h.)  control-action  u(kT)  and  then  worked  for  a  digital  servo- 
controller  using  D/C  control-action  u(t;kT).  Simulation  results  are  provided  for  the  example  plant  with 
both  perturbed  (Aa  ^  0)  and  unperturbed  (Aa  =  0)  plant  parameters,  and  using  both  single-rate  and 
multirate  digital  servo-controllers. 


4.4.1.  Plant,  Disturbance,  and  Servo-Command  Models  for  Example  3 

The  plant  for  Example  3  is  modeled  by  the  following  first-order  differential  equation: 
y(t)  =  ay(t)+u(t)+w(t).  (4.76) 

The  disturbance  wft)  is  an  uncertain,  unmeasurable  constant-plus-ramp  disturbance  represented  by 

wfO  =  Ci+C2t,  (4.77) 

where  cj  and  C2  are  unknown  stepwise-constants  which  may  “jump”  in  value  from  time-to-time.  The 
interval  between  successive  jumps  in  ci  and  C2  is  assumed  to  be  somewhat  larger  than  the  sampling- 
period  T. 


The  state  model  for  the  plant  is  easily  determined  by  choosing  x(t)  =y(t)  as  follows: 

x(t)  =  ax(t)  +  bu(t)  +  Jw(t) 
y(t)  =  cx(t)  ’ 

where  />=!, 

/=!. 

c=  1, 

and  the  a  parameter  is  left  undetermined  until  specified  in  Subsection  4.4.3 .2. 

A  similar  state  model  is  developed  for  the  disturbance  wf/)  in  (4.77),  using  the 
techniques  described  in  Section  2.5,  by  noting  that,  between  jumps  in  the  c„  the  disturbance  w(r)  is 
governed  by  the  linear  homogeneous  differential  equation 

>»<0  =  0 .  (4  79) 

Using  the  methods  described  in  Section  2.5,  the  state  model  for  w(/)  is  obtained  as 

yv(t)  =  Hz(t) 

z(t)  =  Dz(t)+cT(t)  ’  (4.80) 
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where 


H  =  {\,  0), 


D  = 


0  1 
0  0 


and 


a{t)  are  uncertain,  sparse  sequences  of  impulses  that  “cause”  the  occasional  “jumps” 
in  the  disturbance  w(t). 

Using  the  technique  described  in  Section  2.6,  discrete-time  models  are  obtained  for 
the  plant  and  the  disturbance.  Those  models  are  (the  sample-period  T  is  held  as  a  variable  throughout  the 
computations): 


Plant: 


xi(k  +  l)T)  =  Ax(kT)  +  Bu{kT)  +  FHz{kT)  +  y{kT) 
y{kT)  =  Cx{kT) 

where 


ifa^O 


ifa  =  0 


ifa?^  0 


ifa  =  0 


9 


C=l, 


r(kT)  = 


and 


Disturbance: 
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w{kT)  =  Hz{kT) 

z{ik  +  \)T)  =  Dz{kT)  +  '^kT)  ’ 

where 


H  =  {\,  0), 

0  1_ 

B{kT)  =  kT)d^ . 

It  is  hereafter  assumed  that  throughout  the  design  procedure  in  the  four  subcases  of  Example  3. 

The  servo-command  y^t)  for  this  example  is  assumed  to  be  an  imknown  stepwise- 
constant  command  represented  by  (4.8)  and  having  continuous-time  and  discrete-time  state  models  as 
determined  in  (4.10)  and  (4.1 1),  respectively. 


4.4^.  The  Necessary  and  Sufficient  Condition  for  Achieving  Exact  Servo-Tracking  for 
Example  3 

The  objective  is  to  design  a  digital  servo-tracking  controller  for  the  plant  in  (4.76) 
such  that  the  tracking-error,  defined  by 

£yit)  =  yAt)-y{t),  (4.83) 

goes  to  zero  in  the  face  of  arbitrary  plant  initial  conditions  and  unmeasurable  plant  disturbances.  As  first 
shown  in  [37],  the  necessaiy  and  sufficient  condition  for  achieving  theoretically  exact  servo-tracking  is 
that  the  vector  servo-command  input  y^t)  must  consistently  lie  in  the  column  range-space  of  the  plant- 

output  matrix  C  in  (4.81)  for  all  t.  In  the  present  example,  satisfaction  of  this  condition  requires  that 
(from  (2.33)) 


iR[G]e9l[C].  (4  34) 

If  (4.84)  is  satisfied,  then  it  is  possible  to  express  G  as  some  linear  combination  of  the  columns  of  C. 
That  is,  G  =  for  some  possibly  nonunique  ft  Substituting  C  and  G  from  (4.81)  and  (4.1 1)  into  G  = 
Cft  yields 


1=  1ft. 

Clearly,  (4.85)  is  satisfied  for  some  ft;  namely 


(4.85) 


(4.86) 
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The  control  task  is  to  design  a  discrete-time  control  algorithm  for  u(kT)  such  that  the 
servo-state  vector  in  (2.38)  becomes  stable  to  and  invariant  for  a  subspace  =t^CjcN[C]  for 

some  choice  of  C  in  (2.46).  SinM  C  =  1  in  (4.81),  we  have  the  special  case  of  stabilizing  CssikT)  to  the 
nullpoint.  The  single  choice  for  C  in  (2.46)  is  then  C  =  C  =  1 . 

The  discrete-time  models  for  the  plant  (4.81),  disturbance  (4.82),  and  servo-command 
(4.11)  and  the  ^determined  in  (4.86),  will  now  be  used  in  a  series  of  four  subcases  of  Example  3  in 
which  digital  servo-tracking  controllers  will  be  designed  using  the  techniques  presented  in  Chapters  2 
and  3  of  this  report. 


4.4J.  Subcase  3a:  Digital  Servo-Tracking  Control  Design  Utilizing  Stepwise-Constant 
(z.o.ii.)  Control-Action  u(kT)  for  the  Case  of  a  First-Order  Plant  and  a  Step 
Servo-Command  >’c(t)  Subjected  to  a  Step+Ramp  Disturbance  m»(/) 

In  this  Subsection  a  digital  servo-tracking  controller  u{kT)  is  designed  for  Example  3 
using  the  conventional  zero-order-hold  type  control-action  design  technique  presented  in  Sections  2.9 
through  2.1 1.  The  necessary  and  sufficient  conditions  for  existence,  and  the  subsequent  design  of  the 
digital  control  terms  Uc{kT),  u^kT),  and  u^kT)  in  (2.55)  are  as  follows. 

The  necessary  and  sufficient  conditions  for  existence  of  the  control  terms  uAkT) 
satisfying  (2.56)  and  u^kT)  satisfying  (2.57)  are  given  in  (2.53)  and  (2.52),  respectively.  Satisfaction  of 
those  conditions  is  shown  as  follows  (assuming  for  Example  3): 


for  Uc{kT): 


rank 


CFHlCB 


(same  as  (2.53)), 


(4.87) 


where 


rank 

c  fh\cb 

=  rank 

- 1 

Q 

1 

1 

1 

a 

a 

and 


for  Us(kT): 


rank 


[Cfi]  = 


rank 


=  1; 


rank[c  eE-CAe\CB^  =  rank[C5  j ;  (same  as  (2.52)), 

where 


(4.88) 


Tmk]ceE-CAe  I  C5]  =  rank 


\-e 


aT 


e^^-l 


=  1, 
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and  rank|c£j  is  given  below  (4.87). 

Clearly  the  rank  conditions  in  (4.87)  and  (4.88)  are  met  and  and  F,  are  designed  to  satisfy  (2.59)  and 
(2.60),  respectively.  That  is, 


for  F^ : 


C  Br.+FH  U 


+  1 - ,  - : - 11  =  0; 


a 


for  F, :  C^OE  -AO^  ST,^  =  1-6°^  -  =  0 . 


a 


(4.89) 


(4.90) 


The  F^  and  f,  that  satisfy  (4.89)  and  (4.90)  are 


aT+l-e^^ 


aie^^-1) 


r,=  -1, 


and 


r,=-a. 

The  ideal  digital-control  terms  u^kT)  and  u^kT)  in  (2.61)  and  (2.62)  can  thus  be  written  as 

u,ikT)  =  r,z(kT) 

=  -z,(kT)+^l-^\^(kTy 


0(0“'  -1) 


and 


(4.91) 


(4.92) 


(4.93) 


«,(*r)  =  f,c(^7^ 
=  -ac(kT) 
=  -ay^(kT) 


(4.94) 


The  U/^kT)  control  term  is  postulated  as  in  (2.63),  where  the  gain-matrix  Kp  is 
designed  by  the  technique  of  pole  placement  to  place  the  eigenvalue  A  of  ^2  +  BKp^  in  (2.64)  at  a 
sufficiently-damped  location  inside  the  unit  circle  (|A|  <  l) .  For  subcase  3a, 

i«(xi-(A*BK,)yX-  e--'  (4.95) 

and  the  appropriate  choice  for  achieving  A  =  0  (deadbeat  response)  in  (4.95)  is  to  choose  Kp  as 
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(4.96) 


K=-^ 


aT 


\-e 


oT 


such  that  the  ideal  choice  for  u^kT)  in  (2.63)  becomes 


u^{kT)  =  -K^e,XkT) 

=  ^eJkT) 

=  -^{ec(kT)-x(kT)) 
=  -^,{yc(kT)-yikT)) 


(4.97) 


The  ideal  digital  servo-tracking  control  law  designed  using  the  methods  described  in 
Sections  2.9  through  2.1 1  for  Subcase  3a  described  by  (4.76),  (4.77),  and  (4.8),  is  as  follows 

u(kT)  =  u^(kT)+  u^(kT)+  Up(kT),  (4.98) 

where  u^kT),  u^kT),  and  UpikT)  are  given  in  (4.93),  (4.94),  and  (4.97),  respectively. 


4.4J.1.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for 
Subcase  3a 

The  digital  servo-tracking  controller  in  (4.98)  is  designed  for  the  ideal  case 
vjhCTe  exact  measurements  of  x(kr),  2(kp,  and  c(A7)  are  assumed  available.  For  this  example, 
yikT)  x(kT)  in  (4.81)  and  yc(0  is  a  stepwise-constant  which,  along  with  y(t),  is  directly  measurable  at 
each  of  the  times  /  =  kT  k  =  0,  1,  2,  ...  .  Thus,  estimates  of  c(kT)  and  x(kT)  are  not  needed 
ic(kT)  y^kT),  x(kT)  -  y(kT)).  On  the  other  hand,  the  disturbance  state  z(kT)  is  not  available  for 
measurement  and  must  be  estimated.  Estimates  zikT)  of  z(kT)  can  be  generated  by  a  discrete-time  foil- 

order  ^te-observer  as  described  in  Subsection  2.13.2.  The  general  form  for  the  discrete-time  foil-order 
state-observer  is  (same  as  (2.107)) 


m+w). 


A 

FH 

0 

D 

^x{kT)'\  fl, 

'+l-lM(>tr)-i- 


\KkTl 


.0; 


£o. 

L-^02 


HkT'j 

KkT). 


-y(.kT) 


(4.99) 


where  = 


K. 


01 


K,. 


‘■02  J 

(4.81)  and  (4.82). 


is  an  observer  gain-matrix  to  be  designed,  and  A,  FH,  B,  C,  and  D  are  defined 


in 


t;m<.  fi  II  ^  discrete-timc  evolution  equation  for  the  error  dynamics  of  the 

discrete-time  foil-order  state-observer  is  (same  as  (2.109)) 
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(4.100) 


U((^  +  i)r)J 


U((^  +  i)r)J 


m+m) 


A  +  Kg^C 

FH 

Kg,C 

D 

rfxW) 

Ve.ikT)) 


It  is  desirable  to  design  Kn  so  that  the  observer  error  f  ^  I  always 

v^z(^7’)/ 

converges  to  zero  promptly,  from  any  initial  condition.  Pole  placement  techniques  can  be  used  to 
determine  an  appropriate  Kg .  In  that  way,  the  gain-matrix  is  designed  to  place  the  roots  of  the 
polynomial 

l-e"^  l  +  ar-e^n 


A-l  -T 

0  A-1 


det 


;ii- 


A  +  Kg^C 


Kg,C 


FH 


D 


=  det 


-K, 


01 


-K. 


02, 


-K, 


02,, 


=  X^-{k^,  +e°^  +2]A^ 


"01  -^4 

+  12^0,  +26"^  +  !  + 


(4.101) 


l-e'"'  .  l  +  aT’-e'"'  == 


■Kn2j  +■ 


K,,.  U 


£?  .  I-e'"’ 
01 


a  a‘ 

I +  076“^ -6“^  c, 


-I  K.,  Kg,_ 


a 


a 


^02. 


at  sufficiently-damped  locations  inside  the  unit  circle.  A  Kg  that  achieves  deadbeat  observer  response 
(A/  =  0  in  (4.101))  is  (assuming  a^O): 


( 


\ 


.Ko2 


-(2  +  ^"^) 

2aT^\+e°'^(\^3aT) 


V 


a^O . 


(4.102) 


The  discrete-time  full-order  state-observer  for  x(kT)  and  z(kT)  is  then  obtained  by  substituting  values 
from  (4.81)  and  (4.82)  into  (4.99).  The  result  is 
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^x{{k  +  \)T)^ 
z,iik  +  \)T) 
J:,{{k  +  \)T)) 


e 


aT 


0 

0 


g°^-l 

a 

1 

0 


T 


i  «  J 

zdkT) 

+ 

0 

WkT)) 

0 

^  7 

u(kT) 


+  (^){x(kr)-yikr)) 


(4.103) 


where  yikT)  and  u^kT)  in  (4. 103)  are  the  inputs  and  x(kT) ,  2(kT) ,  x((k  + 1)7) ,  and  2((k  + 1)7)  are  the 
outputs  of  the  discrete-time  full-order  state-observer,  and  Kq  is  given  in  (4.102). 


4.43.2.  Simulation  Results  for  Subcase  3a 


^corporation  of  the  discrete-time  fiill-order  state-observer  equations  in 
(4.103)  into  (4.98)  results  in  the  following  physically-realizable  digital  servo-tracking  control  law  for 
Subcase  3a. 

u(kT)  =  (kT)  +  (kT)  +  Up  {kT) 


(4.104) 


Simulations  results  were  obtained  for  Subcase  3a,  where  the  plant’s  a  term 
(4.76)  and  control  sample-period  7  were  chosen  as 


in 


a  =  -3 


(an  inherently  stable  plant); 


and 


7=1. 

^ny^ewer"”*^  ^  intersample  behavior  of  the  plant  output  ><0  could  be 

..  .  simulation  results  in  Figure  4.18  illustrate  the  plant  output  v(r)  the 

disturbMce  w(r)  and  the  servo-command  y^t)  for  Subcase  3a.  Notice  the  intersample  misbehavfor 

the  ^  -  4  to  /  -  6  and  the  periods  r  =  9  to  /  =  15.  This  misbehavior  is  the  result  of 

time-vaiying  nature  of  the  disturbance  w(r)  and  the  stepwise-constant  (z.o.h.)  nature  of 

eL?  f  m  A- vrTw  I?"  Figure  4.19  show  the  digital  control-effort  u(kT)  and  the  servo-tracking 
>(  )  yd)  y(0  for  Subcase  3a.  The  stepwise  constant  control-action  (zero-order-hold  type) 

can  not  eliminate  the  intersample  misbehavior  of  the  plant  output  y(/)  when  the  disturbance  wfrt  is  not  a 
constant.  Consequently,  zero  tracking-error  cannot  be  achieved  between  the  sa^pt  timeT 
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Figure  4.18  Illustration  of  the  Plant  Output  y{t).  Disturbance  w{t),  and  Servo-Command  ^^(0  for 
Subcase  3a. 


Control  Sample-Period;  7=1 


Figure  4.19  Illustration  of  the  Digital  Control-Action  u{kT)  and  Tracking-Error  ^/)  =  yj^t)  -  XO  for 
Subcase  3a. 
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4.4.4.  Subcase  3b:  Digital  Servo-Tracking  Control  Design  Utilizing  D/C  Control- 
Action  u(t‘,kT)  for  the  Case  of  a  First-Order  Plant  and  a  Step  Servo-Command 
yc{t)  Subjected  to  a  Step+Ramp  Disturbance  w{t) 

In  this  Subsection  the  digital  servo-tracking  controller  in  (4.98)  of  Subcase  3a  is 
modified  to  utilize  the  D/C  intersample  holding-action,  as  described  in  Section  3.1.  In  that  way,  the 
control  terms  u^kT)  in  (4.93)  and  u/JcT)  in  (4.94)  are  modified  to  provide  intersample  accommodation 
for  the  effects  of  the  disturbance  w(0  and  the  disturbance-like  effects  of  the  servo-command  ^^(O- 

The  necessary  and  sufficient  conditions  for  existence  of  the  control  terms  uJitJiT) 
satisfying  (3.15)  and  ult-,kT)  satisfying  (3.16)  are  given  in  (3.12)  and  (3.13),  respectively.  Satisfaction  of 
those  conditions  is  shown  as  follows: 

for  u^tlkT):  rank[F//  (  i5]  =  rank[5] ;  (same  as  (3.12)),  (4. 105) 

where 


rank[F/f  |  5]  =  rank[l,0  |  l]  =  1 , 
and 


rank[5]  =  rank[l]  =  1 ; 

for  uXt;kT):  Tmk[eE-Ae  |  .S]  =  rank[5]  (same  as  (3.12)), 

where 


(4.106) 


tw3/^6E-A6  I  5]  =  rank[-o  |  l] 
and  rank[5]  is  given  below  (4.105). 


Clearly  the  rank  conditions  in  (4.105)  and  (4.106)  are  met  and  and  F^  are  designed  to  satisfy  (3.17) 
and  (3 . 1 8),  respectively.  That  is. 


for  F, :  FH+  BT,  =  (l,  O)  +  (F„  ,  F,,  )  =  0 ; 

forF,:  {0E-Ae)-BT^=-a-T^=Q. 

The  F^  and  F,that  satisfy  (4.107)  and  (4.108)  are 

r.=(-i,  0), 


and 


(4.107) 

(4.108) 


(4.109) 


F,  =  -a. 


(4.110) 
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The  ideal  continuous-time  control  terms  u^t)  and  uj{t)  in  (3.19)  and  (3.20)  can  thus  be  chosen  ideally  as 


w,(0=r^(/) 

=-^i(0 


(4.111) 


and 


=  Tf(t) 
=  -ac{t) 


(4.112) 


Recall,  however,  that  it  is  assumed  that  the  digital  control  decisions  at  time  t  =  kT 
must  be  based  on  measurements,  or  estimates,  of  the  states  z{t)  and  c(t)  available  at  each  of  the  times 
t  =  kT ,  ^  =  0,  1,  2,  ....  Therefore,  the  projected  or  forecasted  behaviors  of  z{t)  and  c(t)  across  each 
intersample  interval  must  be  represented  in  terms  of  z{kT)  and  c(JcT).  This  relationship  is  found  in  the 
general  solution  to  (4.80)  and  (4.10)  evaluated  at  each  t  over  the  interval  from  kTto  t  =  {k  +  \)T .  In 
particular. 

Disturbance  state-vector: 


z(0  =  e^^''*^^r(/tr)+r,(/) 


1  t-kT 
0  1 


z{kT)+r,{t) 


and 

Servo-command  state-vector: 


(4.113) 


=  c(kT)  +  r,(t) 


(4.114) 


where 


r^t)  is  a  residual-effect  given  by  r^(/)  = 


and 


rs(t)  is  a  residual-effect  given  by  r^(/)  = 


As  discussed  below  (3.22)  in  Subsection  3.1.3,  the  r^t)  and  r^t)  terms  are  excluded  from  the  design 
process.  ^ 
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Substituting  (4.113)  and  (4.114)  into  (4.111)  and  (4.112),  and  disregarding  the 
residual  terms,  results  in  the  final  (idealized)  form  of  the  Uc  and  Us  digital-continuous  (D/C)  control  terms 
of  the  digital  servo-tracking  controller 


=(-i,  oj 


’l  {t-kT) 
0  1 


HkT) 


(4.115) 


=  -z,{kT)-(t-kT)z^{kT) 


and 


u^{t-,kT)  =  T,e^^‘-"^c{kT) 


--ac(kr)  (4.116) 

=  -ay^{kT) 

The  (ideal)  digital  servo-tracking  control  law  for  Subcase  3b  is  as  follows: 

u{f,kT)  =  u,{t,kT)  +  uXt,kT)  +  Up(kT),  (A.Ul) 

where  u^tlkT),  u/^t;kT)  and  u^kT)  are  given  by  (4.1 15),  (4.1 16),  and  (4.97). 


4.4.4.I.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for 
Subcase  3b 

„,u  *  "^5®  servo-tracking  controller  in  (4. 1 1 7)  is  designed  for  the  ideal  case 

state  cfS'orthrrr™^"^  of  z(A:7),  z(^7),  and  c(kT)  are  assumed  available.  For  Example  3,  the  single 
state  c(kT)  of  the  step  servo-command  and  the  plant  state  x(kT)  =  y(kD  (refer  to  (4.81))  can  be  directly 

measured  on-line.  However,  the  disturbance  state-vector  z(kT)  must  be  estimated  by  a  composite 
discrete-time  full-order  state-observer.  ^  composite 

must  hP  f  •  I  full-order  state-observer  designed  in  Subsection  4.4.3. 1 

Tl  7^  to  include  the  time-vaiying  portions  of  the  D/C  motions  of  the  servo-controller  in 

(4. 117).  In  that  way,  (4. 1 1 7)  is  rewritten  equivalently  as  (refer  to  (3.66)) 


u(t;kT)  =  Up(kD  +  u,(t)-,  kT^t<(k  +  l)T,  (4.118) 

constant  between  sample  times. 


where  Up^kT)  in  (4.97)  is  the  portion  of  u(t;kT)  in  (4.118)  which  is  held 
and 


", (0  =  u, (t; kT)  +  u, (r; kT)-,  kT <{k  +  \)T , 
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is  the  portion  of  u(t',kT)  that  varies  with  time  between  each  successive  sample-time. 


The  time-vaiying  nature  of  ujit)  changes  the  calculation  of  the  discrete-time 
full-order  state-observer  designed  in  Subsection  4.4.3. 1  where  the  control  action  was  held  constant 
between  the  sample  times.  The  hybrid  full-order  state-observer  described  in  Subsection  3.3.3  must  be 
used  instead  so  that  accurate  estimates  z{kT)  of  z{kT)  may  be  obtained.  The  resulting  hybrid  state- 
observer  has  the  form  (same  as  (3.75)) 

m+\)Ti 

z((A  +  l)7). 

,  (4.119) 


FH 


D 


imv  ■'lo; 


V  0 


where  A,  FH,  B,  C,  and  D  are  defined  in  (4.81)  and  (4.82),  Kq  = 


.^02 


is  the  same  observer  gain- 


matrix  obtained  in  (4.102),  and  is  determined  to  be  (refer  to  (3.70),  incorporate  (4.115)  and 

(4.1 16),  and  recall  from  Subsection  4.4.1  that  a  ^  0  is  assumed) 


=  (r,  (kT)  +  rz2  (kT)  +  ay^  (kT))dT 


(4.120) 


=  (kT)  +  ?I±LJ—z2  (kT)  +  (l  -  {kT) 

a  a  ' 

The  term  \f/{u,)  becomes  physically-realizable  when  z^{kT)  and  z^ikT)  (generated  by  (4.119))  is 
substituted  in  for  zi(A7)  and  Z2(kT)  in  (4.120). 

The  evolution  equation  for  the  hybrid  full-order  state-observer  for  Subcase  3b 
can  now  be  written  as  (substitute  (4.81)  and  (4.82)  into  (4.1 19)) 


ar  e^^-aT-l 

((mT 

'  jc((/fc  +  i)r)^ 

\  a  J  ^2 

(  x(kT)" 

z,((^  +  i)D 

= 

0  1  T 

^x(kT) 

+ 

0 

0  0  1 

UwJ 

0 

1 

_ 

Up(kT) 


+ 


V(w,)' 

0 

.  0  y 


+  [K,\x(kT)-y{kT)) 


(4.121) 
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where  Uj^kT),  wiM,),  and  are  given  in  (4.97),  (4.120),  and  (4.102),  respectively,  !cady(kT),  y/{u,), 
and  u^kT)  are  the  inputs  and  x^kT) ,  z^kT) ,  x{{k  + 1)7) ,  and  z{{k  + 1)7)  are  the  outputs  of  the  hybrid 
full-order  state-observer. 


4.4.4.2.  Simulation  Results  for  Subcase  3b 


Incorporation  of  the  hybrid  full-order  state-observer  equations  in  (4.121)  into 
«(/;^7)  in  (4.1 17)  results  in  the  physically-realizable  digital  servo-tracking  control  law  for  Subcase  3b 


u{kT)  =  u,  (/;  kT)  +  u,  (t;  kT)  +  {kT) 

.  (4.122) 

=  -f,  {kT)  -{t-  kT)z2  {kT)  -  ay^  {kT)  +  {kT)  -  y{kT)) 

Simulation  results  were  obtained  for  Subcase  3b,  where  the  plant’s  a 
parameter  in  (4.76)  and  control  sample-period  7  were  chosen  as  (same  parameters  as  in  Subcase  3a) 


a  =  -3. 


and 


7=1. 

The  simulation  results  shown  in  Figure  4.18  illustrate  the  plant  output  y{t), 
the  stej^ramp-type  disturbance  w{t),  and  the  step  servo-command  yj{t)  for  Subcase  3b.  Similar  to  the 
results  in  Subcase  3a  (Figures  4.18  and  4.19)  the  tracking  error  e^t)  (shown  in  Figure  4.21  for  Subcase 
3  b)  IS  zero  at  each  of  the  sample  instants  /  =  kT=  4,  5,  6,  9, 10, 1 1, 12, 13, 14,  and  15.  In  addition,  notice 

that,  in  the  plot  of  XO  Figure  4.18,  the  intersample  misbehavior  during  the  periods  /  =  4  to  t  =  6  and 

been  completely  eliminated  by  the  digital  servo-controller  w(/;ifc7)  in 

(4.122)  (compare  the  simulation  plots  in  Figure  4.18  to  those  in  Figure  4.18).  The  digital-continuous 
(D/C)  control-action  u{f,kT)  illustrated  in  Figure  4.21  is  smoother  than  the  zero-order-hold  (stepwise- 
constant)  type  control-action  shown  in  Figure  4.19.  It  is  that  type  of  continuous  action  between  the 

sample-times  that  smooths  out  the  control-action  and  regulates  the  tracking-error  sJ{t)  to  zero  during 
those  intersample  intervals.  ^  ° 
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0  5  10  15 


Figure  4.20  Illuslta«on  of  the  Plant  Output  X<).  Disturbance  w(f),  and  ServoCommand  vAI)  for 
Subcase  3  b. 


Control  Sample-Period;  7=1 


0  5  10  15 


Figure4.21  Illustration  ofthe  D/C  ControI-ActionofnCr;*?)  and  Tracking-Error  tor 

Subcase  3b. 
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4.4.5.  Subcase  3c:  Digital  Servo-Tracking  Control  Design  Utilizing  D/C  Control- 
Action  u(t\kT)  for  the  Case  of  a  First-Order  Plant  and  a  Step  Servo-Command 
yc{t)  Subjected  to  Parameter-Perturbation  Aa  and  a  Step+Ramp  Disturbance 
w(t) 

In  this  Subsection  the  digital  servo-tracking  control-algorithm  in  (4.1 17)  is  modified 
to  provide  robustness  to  uncertain  variations  in  the  value  of  the  plant’s  a  parameter  in  (4.76).  The 
additional  control  term  Uc^tJcT)  and  the  modified  term  Uf^kT)  that  provide  this  robustness  are  designed 
using  the  method  developed  in  Section  3.2.  Expression  (4.78)  is  rewritten  to  reflect  the  uncertain 
parameter-perturbation  as  follows: 


^(0  =  (««  +  Aa)x(/)  +  *«(/)+ fMj) 
y{,t)  =  cx{t) 


(4.123) 


Recall  from  Subsection  3.2.1  that  Aa  represents  deviations  to  the  nominal  value  of  a  {a  =  a„+  Aa) . 

The  ideal  model  behavior  for  this  example  is  assumed  to  be 

(4.124) 

The  characteristic  polynomial  of  the  system  in  (4.124)  is 

=  (4.125) 

where  a„  represents  the  “desired”  root  of  Pm{X)  and  is  left  undetermined  until  specified  in  Subsection 
4.4.5.2. 


The  approach  used  in  [34,35,39]  to  designing  the  control  term  is  to  model  the 
product  -(Aa)x(r)  as  an  uncertain  time-vaiying  parameter-disturbance  vector  wjlf)  as  given  in  (3.43). 

The  term  w^f)  is  closely  approximated  by  the  known  differential  equation  in  (3.44)  having  coefficient  6 
corresponding  to  the  a„  coefficient  in  (4. 125). 

Following  the  method  described  in  Subsection  3.2.4,  the  dynamic  behavior  of  the 
parameter  disturbance  term  (Aa)x(0  is  expressed  by  the  state  model  (refer  to  (3.45)) 

-(Aa)x(/)  =  w<,(r)  = 

=  +  •  (4-126) 

The  procedure  for  determining  Ha  and  Da  was  presented  in  Subsection  3.2.4.  For  this  particular  example 

(4.127) 

and 


(4.128) 
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The  term  ajit)  in  (4.126)  represents  a  sparse  sequence  of  impulses  that  are  the  source  of  the  uncertain 
intersample  “jumps”  that  may  occasionally  occur  in  the  disturbance  vector  (Aa)x(/). 

The  necessary  and  sufficient  condition  for  existence  of  the  control  term  uJlj-,kT) 
satisfying  (3.48)  is  (same  as  (3.49)) 

rank[5  \H^]  =  rank[5] ,  (4. 129) 


where 

rank[i?  |  //^]  =  rank[l  |  l]  =  l, 
and 


rank[5]  =  rank[l]  =  1 . 

Clearly  the  rank  condition  in  (4.129)  is  met.  Then  there  exists  a  such  that  (same  as  (3.50)) 

(4.130) 

The  that  satisfies  (4.130)  is 


r„  =  i , 

and  the  control  term  u^t)  in  (3.51)  can  thus  be  ideally  chosen  as 

=  ^aiO 


(4.131) 


(4.132) 


during  the  intervals  kT<t<{k+\)T  .  Recall,  however,  that  the  digital  control  decisions  at  time  t  =  kT 
must  be  based  on  measurements,  or  estimates,  of  the  states  Zekf)  available  at  the  beginning  of  each  sample 
interval  t  =  kT ,  k  =  Q,  \,  2,  ...  .  Therefore,  the  predicted  or  forecasted  behavior  of  zj(t)  across  each 
intersample  interval  must  be  determined  in  terms  of  zJ^kT).  This  relationship  is  found  in  the  general 
solution  to  (4.126)  evaluated  at  each  t  over  the  interval  from  kTXo  t  =  {k  + 1)7 


Za(.t)  =  e^‘^-'‘^z,{kT)  +  r,{t) 


z^{kT)  +  r„{t) 


(4.133) 


where  ro{t)  is  a  residual-effect  given  by  (t)  =  |  (r)dT . 

As  discussed  in  Subsection  3.2.5,  the  ra(0  term  is  disregarded  throughout  the  design 
process.  Substituting  (4.133)  into  (4.132),  and  ignoring  the  residual  term,  results  in  the  final  (idealized) 
form  of  the  Ua{t-,kT)  control  term 
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(4.134) 


=  e°"^‘-"^z^{kT) 

The  Uj^kT)  control  term  in  (4.97)  must  be  redesigned  to  uccommodste  the  Aa-effects. 
h  that  case,  the  gain-matrix  Kp  is  designed  to  achieve  null-point  stabilization  and  the  ideal  model 

characteristics  in  (4.124)  and  (4.125).  That  is,  Kp  is  designed  to  achieve 

JL-^Aj^+BKpj^A-A^  ,  (4.135) 

where 


7  “ 


A  _ 


and  B  is  given  in  (4.81)  (with  a  replaced  by  a„).  In  that  way,  (4.135)  becomes  (assuming  a„^0) 


A-e 


JslL 

V 


(4.136) 


and  Kp  in  (4.136)  is  computed  to  be 


P  a  T  1 


e"-'  -1 


Given  (4.137),  the  control  term  UfkkT)  in  (4.97)  can  thus  be  chosen  ideally  as 
Up{kT)  =  -Kpe^{kT) 


g“«"-l 


■es.m 


(ycm-x(kr)) 


(4.137) 


(4.138) 


.  u-  -  servo-tracking  control  law  for  Subcase  3c  can  now  be  written  as 

(combining  (4.115),  (4.116),  (4.138),  and  (4.134)  and  replacing  a  by  a„  in  (4.116)  and  recalling  the 
assumption  that  a„^Q)  ® 


«(/;  kT)  =  (/;  kT)  +  (t;  kr)  +  Up(kT)  +  (t;  kT) , 


(4.139) 


where 


(t;  kT)  =  -z,  {kT)-{t-  kT)z2  W , 
Us(t;kT)  =  -a„c(kT), 
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and 


u,m  =  -  x{kT)), 


4.4.5.I.  Practical  Realization  of  the  Digital  Servo<Tracking  Controller  for 

Subcase  3c 

The  digital  servo-control  law  in  (4.139)  assumes  the  availability  of  the  real¬ 
time  values  of  the  external  disturbance  state  z{kT),  the  plant  state  x{kT),  the  servo-command  state  c{kT), 
and  the  related  parameter-perturbation  state  z^kT).  The  single  servo-command  state  c(kT)  and  the  single 
plant  state  x{kT)  are  obtained  directly  from  on-line  measurements  oiyJikJ)  mdy{kT).  Estimates  z{kT) 
and  z^{kT)  of  z{kT)  and  z^kT),  respectively,  can  be  generated  by  a  hybrid  full-order  state-observer 
similar  to  that  developed  for  Subcase  3b  in  Subsection  4.4.4. 1. 

In  order  to  design  the  hybrid  full-order  state-observer,  the  control  law  in 
(4.139)  must  be  divided  into  a  discrete  part  Uf^kT)  and  a  continuous  time-varying  part  i/,,  written  as 

u(t;kT)  =  Up(kT)  +  u,(t);  kT^t<(k  +  l)T ,  (4.140) 

where  Up(kT)  in  (4.138)  is  the  portion  of  u(t;kT)  in  (4.140)  that  is  held  constant  between  sample  times 
and 


^,it)  =  u,{t,kT)  +  u^(t-kT)  +  u,(t-kT)  ■  kT<t<{k  +  \)T,  (4.141) 

is  the  portion  of  u{t;kT)  in  (4.140)  that  varies  with  time  across  each  successive  sample-time.  The 
resulting  hybrid  full-order  state-observer  has  the  form  (same  as  (3.76)) 
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+ 
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ZikT) 

-y(kT) 

4 

[^ikT)) 

where  A^,,  B,  /Tf,  and  D  are  given  in  (4.81)  (with  a  replaced  by  a„),  (4.82),  and  (4.135)  and 
(assuming  a„^0) 


A 


=  gDJ  ^ 
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WiMt)  =  ^  e“"^^~%u,(T)dT 


e°"^  -  e°’^ 


if  a„  ^a„ 

m  n 


Te^”'  'da„=a„ 


^  ^z^^kT)  +  Te^'^z^ikT)  +  ^  ^  "  Zy{kT)  +  (l  - e°Ay^{kT) 

o„  a„  \  f 


and  ^0 


Kq2 

L. 


is  an  observer  gain-matrix  to  be  designed. 


The  general  discrete-time  evolution  equation  for  the  error  dynamics  of  the 
hybrid  full-order  state-observer  is  (same  as  (3.77)) 


Af^  +  K^\C 

FH 

-H, 

( f,(*r)l 

= 

K,,C 

b 

0 

e,ikT) 

K,,C 

0 

Da 
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(4.143) 


It  is  desirable  to  design  Kq 


so  that  the  observer  error 


sAkT) 

U.,(AT)J 


goes  to  zero 


promptly.  Pole  placement  is  used  to  determine  a  suitable  where  the  roots  of  the  characteristic 
polynomial 
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(4.144) 
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are  such  that  the  observer  estimated  value  of  the  plant  state  x{kT),  disturbance  state  z{kT),  and 
parameter-perturbation  state  Zg{kT),  quickly  and  accurately  track  the  actual  corresponding  plant, 
disturbance,  and  parameter-perturbation  states  x{kT),  z(^7),  and  zJikT),  respectively.  This  means  that  the 
roots  Ai  of  P{X)desired  are  placed  at  sufficiently-damped  locations  inside  the  unit  circle  (  jA;  |  <  1  ).  A 
good  choice  for  which  achieves  deadbeat  response,  is 

TOdesired=>l'-  (4.145) 

The  corresponding  observer  gain-matrix  Kg  in  (4.144)  that  achieves  (4.145)  is  (assuming  a„  ^0  and 


Kg, 

-^022 

4 


-2(1+6""’') 

2aJ(\  -  3g"’’’  +  2e^""’')  -  (e""’’  - 1)^ 

r(6""’’  -  O'* 


- 1)2 
r(i-6‘'"’')2 


(4.146) 


4.4.5.2.  Simulation  Results  for  Subcase  3c 

Incorporation  of  the  hybrid  full-order  state-observer  in  (4.142)  into  (4.139) 
results  in  a  physically-realizable  digital  servo-control  law  for  Subcase  3c  having  the  form 

vi,f,kT)  =  rce®^'’*^^z(^7’)+ y{kT)) 

.  (4.147) 

=  -ZxikT)-{t-kT)z^{kT)-a„y,{kT) 


To  fully  comprehend  the  level  of  robustness  that  is  provided  by  the  control 
term  uJj-JcT)  in  (4.134),  it  is  necessary  to  first  view  the  effects  of  a  parameter-perturbation  Ao  on  the 
example  plant  utilizing  a  digital  servo-controller  which  does  not  compensate  for  a  change  in  parameter 
value.  To  show  this,  a  50%  parameter-perturbation  (  Aa  =  lA  in  (4.123))  and  the  digital  servo-controller 
in  (4.104)  from  Subcase  3a  (Subsection  4.4.3)  is  used.  The  control  sample-period  is  chosen  as  r=02 
and  the  nominal  plant-parameter  value  a„  is  chosen  as  a„=-3. 

The  simulation  results  shown  in  Figure  4.22  illustrate  the  plant  output  y(t) 

servo-command  y^t).  The  digital  servo-controller 
u(kO  m  (4.104)  for  this  plant  assumes  a  nominal  value  of  a„  =  -3,  but  in  fact,  the  actual  value  of  this 
parameter  is 
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a  =  fl„  +  Aa  =  -3  + 

=  -1.5 

The  simulation  results  in  Figure  4.23  illustrate  the  control-effort  u{kT)  and  the  servo-tracking  error 
yci^)-  yit)  for  the  plant  and  digital  servo-controller  in  Subcase  3a  subjected  to  parameter- 

perturbation  Aflf  =  1.5.  The  digital  controller  is  exerting  considerable  effort,  early  on,  in  an  attempt  to 
control  the  plant  output  y(/)  into  agreement  vv^ith  the  servo-command  y<<0.  This  additional  control-effort 
can  be  attributed  to  the  inappropriate  control-action  that  is  generated  due  to  the  digital  servo-controller 
being  tuned  to  an  incorrect  parameter  value  {a„  -  -3). 
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Figure  4.22  Illustration  of  the  Plant  Output  Disturbance  w(t),  and  Servo-Command  y^t)  for  the 
Example  Plant  Subjected  to  a  50%  Parameter-Perturbation  Aa  (a„  = -3,  Aa=  1.5)  and  Using 
the  Digital  Servo-Controller  m(^7)  Derived  in  Subcase  3a. 


Figure  4.23  Illustration  of  the  Digital  Control-Action  u(kT)  (from  Subcase  3a)  and  Tracking-Error 
=  ydO  -  y(0  for  the  Example  Plant  Subjected  to  a  50%  Parameter-Perturbation  Aa 
(a„  =  -3,Aa=  1.5). 
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Simulation  results  for  Subcase  3c  were  obtained  for  the  example  plant, 
disturbance,  and  servo-command  represented  by  (4.123),  (4.77),  and  (4.8),  where  the  plant’s  a„ 
parameter,  parameter-perturbation  Ac,  ideal  model  parameter  o„,  and  control  sample-period  T  were 
chosen  as 


a„  =  -3,  Aa=1.5, 

a„  =  -3,  T=  0.2  . 

The  simulation  results  shown  in  Figure  4.24  illustrate  the  plant  output  y(t), 
the  disturbance  vv(0.  and  servo-command  y^t).  The  digital  control  terms  Up(kT)  and  Us(t;kT)  in  (4.139) 
are  tuned  to  the  nominal  a„  parameter  value,  however,  this  parameter  is  experiencing  a  perturbation  Aa  of 
50%  (a  =  o„  +  Adf  =  -3  + 1A)  .  The  control  term  uJ^t;kT)  in  (4.134)  provides  robustness  to  those  Aa- 

efFects.  The  benefits  of  the  Ue^t;kr)  control  term  can  be  seen  by  comparing  the  simulation  plots  in  Figure 
4.24  with  those  in  Figure  4.22. 

The  simulation  results  in  Figure  4.25  show  the  digital  control-effort  u(t,kr) 
from  (4.147)  and  the  servo-tracking  error  £y(t)  =  y^iO- y(0  for  Subcase  3c.  This  digital  servo- 

controller  is  providing  intersample  accommodation  of  the  external  disturbance  w(t)  and  parameter- 
perturbation  vector  Aax(/).  The  intelligent  D/C  holding-action  reduces  ripple  and  provides  robustness  to 
fluctuations,  or  uncertainties,  in  plant  parameter  values  (compare  the  simulation  plots  in  Figure  4.24  with 
those  in  Figure  4.22  and  the  simulation  plots  in  Figure  4.25  with  those  in  Figure  4.23). 
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Control  Sample-Period:  7=  0.2 


Figure  4.24  Illustration  of  the  Plant  Output  y{t).  Disturbance  h’(/),  and  Servo-Command  yjlj)  for  the 
Example  Plant  Subjected  to  a  50%  Parameter-Perturbation  Aa  {a„  =  -3,  Aa  =  1.5)  and  Using 
the  Digital  Servo-Controller  u(t;kT)  Derived  in  Subcase  3c. 


Control  Sample-Period:  7  =  0.2 


Figure  4.25  Illustration  of  the  D/C  Control-Action  u(t;kT)  (from  Subcase  3c)  and  Tracking-Error 
~  Tc(/)  ~  t(/)  for  the  Example  Plant  Subjected  to  a  50%  Parameter-Perturbation  Aa 
(a„  =  -3,Aa=1.5). 
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4.4.6.  Subcase  3d:  Digital  Servo-Tracking  Control  Design  Utilizing  Multirate 
Sampling  and  D/C  Control-Action  u(t,kTc',kTy)  for  the  Case  of  a  First-Order 
Plant  and  a  Step  Servo-Command  ydt).  Subjected  to  Parameter-Perturbation  An 
and  a  Step+Ramp  Disturbance  w(t) 

The  digital  servo-tracking  controller  in  (4.139)  designed  in  Subcase  3c  can  be 
modified  to  use  multiple  sampling  rates  to  achieve  a  level  of  servo-tracking  performance  that  cannot  be 
matched  using  a  single-rate  servo-controller.  One  method  of  implementing  (4.139)  as  a  multirate  servo- 
controller  is  to  let  the  controller  terms  associated  with  the  plant,  u^t;kT)  and  uJ{t-,kT),  operate  at  sample- 
rate  MTy  and  let  the  controller  term  associated  with  the  servo-command,  uJit-,kT),  operate  at  sample-rate 
\ITc  (note  that  Up{kT)  =  0  in  Subcase  3c  since  a„  =  a„).  In  that  way,  the  ideal  digital  servo-controller  in 
(4.139)  is  rewritten  as  (assuming  a*0) 

u(t;  kT,  ;kTy)  =  u,  (t;  kT^ )  +  u,  (t;  kT,  )  +  Up(kT,)  +  u^  (/;  kTy  ) ,  (4.1 48) 


where 


and 


u,  (t;  kTy  )  =  -2,  {kTy  )-{t-  kTy  )Z2  {kTy  ) , 

u,i,f,kT,)  =  -a„c{kT,) 

=  -a„y,{kTS 


uAkT,)  =  - 


- 1 


{yAkTJ-x(kT,))  =  0  fora„  =  a„ 


4.4.6.I.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for 
Subcase  3d 

..U  u  u  J  ..M.  digital  servo-controller  in  (4.148)  is  realized  by  substituting  71  for  T  in 

the  hybrid  full-order  state-observer  in  (4.142)  for  Subcase  3c  and  by  using  direct  measurements  of  the 
servo-command  y^t).  Incorporating  (4.142)  into  (4.148)  yields  the  physically-realizable  digital  servo- 

tar-  ® 


=  (4.149) 
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4.4.6.2.  Simulation  Results  for  Subcase  3d 


Simulation  results  were  obtained  for  Subcase  3d,  where  the  plant’s  nominal 
a„  parameter,  parameter-perturbation  Aa  in  (4.123),  ideal  parameter  a„  in  (4.124),  and  control  sample- 
periods  T  and  Ty  were  selected  as 

a„  =  -3, 

Aa=1.5, 

Qm  =  -3, 

7;  =  0.1, 

and 

7;  =  0.5. 

The  simulation  results  shown  in  Figure  4.26  illustrate  the  plant  output  y{t), 
the  step+ramp-type  disturbance  ^(t),  and  the  step  servo-command  yt{t)  for  Subcase  3d.  The  multirate 
D/C  servo-control  action  u{t\kTy,kT^  and  the  servo-tracking  error  Sy{t)  =  y^{t)  - y{t)  for  Subcase  3d  are 

shown  in  Figure  4.27.  A  50%  decrease  in  the  sample-period  (from  T  =  0.2  in  Subcase  3c  to  7),  =  0.1)  for 
the  Uc  and  control  terms  has  allowed  a  250%  increase  in  the  sample-period  Tc  (from  7’ =02  in 
Subcase  3c  to  Tc  =  0.5)  in  the  control  term  u^nkTc)  (associated  with  the  servo-command  yj(t)).  The 
overall  tracking  and  system  performance  has  improved  over  that  obtained  in  Subcase  3c.  A  comparison 
of  the  simulation  plots  in  Figure  4.26  to  those  in  Figure  4.24  and  the  simulation  plots  in  Figure  4.27  to 
those  in  Figure  4.25  shows  less  ringing  and  a  faster  settling-time  in  the  plant  output  y(0  and  a  sizeable 
reduction  in  the  servo-tracking  error  ey(t)  =  y^(t)-y(t) .  This  increased  performance  can  be  attributed 

to  the  intelligent  use  of  multiple  sampling-rates.  A  particular  application  of  this  dual-rate  system  is  the 
case  in  which  the  plant  output  y(t)  is  available  for  measurement  at  each  of  the  times  t  =  kTy, 
k  =  0,  I,  2,  while  the  servo-command  ydt)  is  available  less  frequently,  at  each  of  the  times  t  =  kTc, 
k  =  0,  1,  2,  ...  (recall  that  Tc  and  Ty  are  related  by  (3.80)). 
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Figure  4.26 


Figure  4.27 


Control  Sample-Periods;  Ty=  0.1  and  Tc  =  0.5 


Illustration  of  the  Plant  Output  y(t).  Disturbance  w(t),  and  Servo-Conunand  ydt)  for  the 
Example  Plant  Subjected  to  a  50%  Parameter-Perturbation  Aa  (a„  =  -3,Aa=  1.5)  and  Using 
the  Multirate  Digital  Controller  u(t;kTy;kTc)  from  Subcase  3d. 


Illustration  of  the  Multirate  D/C  Control-Action  u(f,kTy;kT,)  (Controller  from  Subcase  3c, 
using  Multirate  from  Subcase  3d)  and  Tracking-Error  £y(t)  =  y^(t)  -  y(t)  for  the  Example 

Plant  Subjected  to  a  50%  Parameter-Perturbation  Aa{a„  =  -3,  Aa=  1.5). 
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4.5.  Example  4:  An  Unstable  First-Order  Plant  and  Step+Exponential  Servo-Command  yt{t) 
Subjected  to  a  Step+Ramp  Disturbance  w{t)  and  Parameter-Perturbation  Aa 

The  purpose  of  Example  4  is  to  illustrate  that 

i)  due  to  the  decomposition  of  the  digital  control-effort,  only  the  control  term  u^t,kT)  in 
(4.1 16)  from  Subcase  3  b  that  is  affected  by  the  change  in  servo-command  model  need 
to  be  designed; 

ii)  control  terms  designed  previously  in  Example  3  are  valid  for  a  stable,  as  w^ell  as  an 
unstable  plant; 

iii)  the  hybrid  full-order  state-observer  in  (4.142)  from  Subcase  3  c  need  not  be  re¬ 
designed; 

iv)  a  control  term  Ug^(kT)  can  be  added  to  the  digital  servo-controller  algorithm  in 
(4.148)  to  take  maximum  benefit  of  multiple  sample-rates; 

v)  intersample  misbehavior  can  be  eliminated  in  the  case  of  non-conventional  servo- 
commands  (not  a  Type  1, 2,  or  3  command);  and 

vi)  a  reduced-order  state-observer  may  be  used  to  estimate  the  servo-command  state 
c(k7). 


4.5.1.  Plant,  Disturbance,  Parameter-Perturbation,  and  Servo-Command  Models  for 
Example  4 

Example  4  will  use  the  same  first-order  plant  in  (4.76),  step+ramp  disturbance  w(/)  in 
(4.77),  and  parameter-perturbation  vector  Aax(t)  model  in  (4.126)  as  was  used  in  Example  3,  with  the 
exception  that  the  plant  has  a  pole  in  the  right-half  plane  (a„  =  1  in  (4.123),  an  inherently  unstable  plant). 

The  servo-command  yc(t)  is  assumed  to  be  an  unknown  stepwise-constant-plus-exponential  (hereafter 
called  step+exponential)  command  represented  by 

y^(0  =  c,+C2e-‘“  ,  (4.150) 

where  c^  and  C2  may  occasionally  jump  in  value  at  unknown  times,  and  a  is  a  known  quantity  given 
later  in  Subsection  4.5.3 .2. 

The  linear  homogeneous  differential  equation  governing  the  motions  of  y^t)  in 
(4.150)  between  Jumps  in  the  ^  is 

7c(0+«i'c(0  =  0-  (4.151) 

A  state  model  for  the  servo-command  y^t)  is  obtained  using  (4.151)  and  the  method 
outlined  in  Section  2.5.  That  state  model  is 
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where 


ycit)  =  Gc{t) 
c(/)  =  £'c(/)+//(r) 


(4.152) 


and 


G  =  {1,  0), 


//(/)  are  unknown,  sparse  sequences  of  impulses  that  “cause”  the  uncertain  “jumps”  in  the  servo- 
command 


Using  the  technique  described  in  Section  2.6,  a  discrete-time  model  is  obtained  for 
the  servo-command.  In  that  way,  this  model  is  written  as 

y,{kT)  =  Gc{kT) 

c(ik  +  \)T)  =  Ec{kT) + Ji{kT)  ’ 

where 


G  =  (l,  0), 


1 

0 


a 


E  =  e^  = 


1  T 
0  I 


if  a^O 


if  a  =  0 


and 


M(kT)  =  I"  kT)d4. 

ft  is  hereafter  assumed  that  throughout  Example  4.  For  reasons  discussed  in  Chapter  2,  the  term 
^l{kT)  in  (4. 1 53)  is  disregarded  throughout  the  design  process. 
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4.5.2.  The  Necessary  and  Sufficient  Condition  for  Achieving  £xact  Servo-Tracking  for 
Example  4 

The  objective  is  to  design  a  digital  servo-tracking  controller  for  the  given  plant  such 
that  the  tracking-error,  defined  by 

£yi0=yAt)-y(0,  (4.154) 

goes  to  zero  in  the  face  of  arbitrary  plant  initial  conditions  and  unmeasurable  plant  disturbances.  As  first 
shown  in  [37],  the  necessary  and  sufficient  condition  for  achieving  theoretically  exact  servo-tracking  is 
that  the  vector  servo-command  input  ydt)  must  consistently  lie  in  the  column  range-space  of  the  plant- 
output  matrix  C  in  (4.81)  for  all  t.  In  the  present  example,  satisfaction  of  this  condition  requires  that 
(from  (2.33)) 


9l[G]c5R[C]  .  (4.155) 

If  (4.155)  is  satisfied,  then  it  is  possible  to  express  G  as  some  linear  combination  of 
the  columns  of  C.  That  is,  G  =  C0  for  some  (possibly  nonunique)  0.  Substituting  C  and  G  from  (4.81) 
and  (4.152)  into  G  ~  C^yields 

(1,  0)=  1(^1  02)  .  (4.156) 

Clearly,  (4.156)  js  satisfied  for  some  0;  namely 

^  =  (1.  0)  •  (4.157) 

The  control  task  is  to  design  a  discrete-time  control  algorithm  for  u(kT)  such  that  the 
servo-state  vector  e^d^T)  in  (3.38)  becomes  stable  to  and  invariant  for  a  subspace  =N^cjcX[C]  for 

some  C  in  (2.46).  As  discussed  below  (4.86),  C  =  C  =  1  in  (2.45)  and  we  have  the  special  case  of 
stabilizing  CsdkT)  to  the  nullpoint. 

The  discrete-time  models  for  the  plant  (4.81),  disturbance  (4.82),  and  servo-command 
(4.153),  and  the  ^determined  in  (4.157),  will  now  be  used  in  two  subcases  which  utilize  the  D/C  servo¬ 
tracking  controller  design  techniques  presented  in  Chapter  3  of  this  report. 


4.5.3.  Subcase  4a:  Digital  Servo-Tracking  Control  Design  Utilizing  D/C  Control- 
Action  tt(/;A7)  for  the  Case  of  an  Unstable  First-Order  Plant  and 
Step+Exponential  Servo-Command  ydt),  and  Subjected  to  a  Step+Ramp 
Disturbance  w(t)  and  Parameter-Perturbation  Aa 

In  this  Subsection,  a  digital  servo-controller  is  designed  using  the  D/C  servo- 
controller  design  techniques  presented  in  Sections  3.1  through  3.3.  The  ideal  form  of  the  digital  servo¬ 
tracking  control  law  for  Subcase  4a  is  written  as 

u{f,  kT)  =  (/;  kT)  +  (t;  kT)  +  Up  {kT)  +  Ug  (/;  kT) ,  (4.  \  5g) 
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where  Uc(tfkT^y  u^kT)^  nnd  U(^t^kTy  are  the  same  as  those  designed  in  Subcases  3b  and  3c  and  given  in 
(4.115),  (4.138),  and  (4.134),  respectively.  Only  the  control  term  u^t-JcT)  in  (4.116)  needs  to  be 
redesigned  such  that  intersample  accommodation  is  provided  for  the  disturbance-like  effects  of  the 
step+exponential  servo-command  yc(t)  in  (4.150). 

The  necessary  and  sufficient  condition  for  existence  of  the  control  term  uj[t',kT) 
satisfying  (3.16)  is  (same  as  (3.13)) 

rank[^£  -  AO  \  £]  =  rank[5] ,  (4, 1 59) 

where 

rank^OE- AO  |  5]  =  rank[- ,  1  |  l]  =  l, 
and 


rank[5]  =  rank[l]  =  1 . 

Clearly  the  rank  condition  in  (4. 1 59)  is  met  and  is  designed  such  that  (same  as  (3 . 1 8)) 

{0E-A0)-BT^=  (-  a„ ,  1)  -  (r„ ,  r,2 )  =  0 .  (4. 1 60) 

The  r^that  will  satisfy  (4.160)  is 


r.  =(-a„,  1).  (4.161) 

The  ideal  continuous-time  control  term  w/r)  in  (3.20)  can  thus  be  ideally  chosen  as 
«,(/)  =  r,c(/) 

=  -««c,(0  +  C2(0  ■  (4.162) 


Recall,  however,  that  the  digital  control  decisions  at  time  t  =  kT  must  be  based  on 
measurements,  or  estimates,  of  the  state  c{t)  available  at  each  of  the  times  t  —  kT^  ^  =  0, 

Therefore,  the  projected  or  forecasted  behavior  of  c{t)  across  each  intersample  interval  must  be 
represented  m  terms  of  c{kT).  This  relationship  is  found  in  the  general  solution  to  (4.152)  evaluated  at 
each  t  over  the  interval  from  AT  to  /  =  (A  l)r  (assuming  a^O) 


c(/)  =  e^<'-*^c(AD +  /•,(/) 


1 

0 


a 

^-a(t-kT) 


]c{kT)  +  rXt) 


(4.163) 


where 
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rXO  is  a  residual-effect  given  by  r^{t)  =  • 

As  discussed  in  Subsection  3.1.3,  the  rXO  term  is  excluded  from  the  design  process. 

Substituting  (4.163)  into  (4.162),  and  ignoring  the  residual  term,  results  in  the  final 
(idealized)  form  of  the  Us  control  term 

«,(r;^7’)  =  r,e^<'-*^V(A7’) 


0 


\-e 


-aO-kT) 


a 

,-a{t-kT) 


HkT) 


(4.164) 


=  -o„Cx{,kT)+ 


a 


c^ikT) 


The  final  form  of  the  (ideal)  digital-continuous  servo-controller  equation  for  Subcase 
4a  is  given  in  (4.158)  where  u^t;kT),  u^kT),  and  uJJ-,kT)  are  given  in  (4.1 15),  (4.164),  (4.138), 

and  (4.134),  respectively. 


4.53.1.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for 
Subcase  4a 

The  digital  control  law  in  (4.158)  assumes  availability  of  the  real-time  value 
of  the  external  disturbance  state  z{kT),  the  plant  state  4kT),  the  servo-command  state  c(ifc7),  and  the 
related  parameter-perturbation  state  z^kT).  Estimates  of  the  plant  state  x{kT),  disturbance  state  z{kT),  and 
the  parameter-perturbation  state  z^kT),  are  generated  by  the  hybrid  full-order  state-observer  in  (4.142) 
developed  for  Subcase  3c  with  i^f,kT)  from  (4.158)  used  for  the  digital  servo-controller.  Estimates  of  the 
servo-command  state  c{kT)  are  generated  by  a  discrete-time  reduced-order  state-observer  as  described  in 
Subsection  2.13.3.  The  states  c\{kT)  and  x\{kT)  can  be  obtained  directly  from  measurements  oi yJfJcT) 
andy(^7),  respectively  (refer  to  (4.153)  and  (4.81)). 

In  order  to  compute  for  (4.158),  the  control  task  w(r;^7)  in  (4.158) 

must  be  divided  into  a  discrete  part  Uj^kT)  and  a  continuous  time-varying  part  U/.  In  that  way,  (4.158)  is 
rewritten  as 


u(t-,kT)  =  Up{kT)  +  u,{t)-,  kT<t<{k+\)T,  (4.165) 

where  Up{kT)  in  (4.138)  is  the  portion  of  u{t'JcT)  that  is  held  constant  between  sample  times,  and 

u,it)  =  Ucit\kT)  +  u^(t-,kT)  +  u„{t\kT)  ,  (4.166) 

is  the  portion  of  u{t-,kT)  that  varies  with  time  between  each  successive  sample-time. 
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The  tt,(0  in  (4.166)  changes  the  value  of  ^(m,  )  determined  in  Subcase  3c  in 
(4. 142).  The  new  value  of  y/iu, )  is  computed  as 


+  1 - L, 


K-«m) 

1-6°’^ 


^aikT) 


(4.167) 


a 


2  (kD  +  — J— (kT)  +  (l  -  (kT)  +  ^ - lc2  (kT) 


+  - - '-1 


where  a„  ^a„,  a„  and  a^O.  To  physically  realize  yf{u,)m  (4.167),  the  estimates  z^(JcT), 

Z2i.kT),  and  z„{kT)  are  used  from  the  hybrid  full-order  state-observer  and  the  estimate  C2{kT)  must  be 
obtained. 


A  discrete-time  reduced-order  state-observer  design  is  used  to  generate  the 
state  estimate  c{kT)  based  solely  on  the  sampled  real-time  measurement  of  yjikT).  The  “recipe”  for  this 

design  was  developed  in  [33]  and  is  described  in  Subsection  2.13.3  .  The  discrete-time  reduced-order 
state-observer  design  proceeds  as  follows  (assuming  a^O): 

— '^P  i-  define  Tu  as  any  v  x  (y-m)  maximal  rank  matrix  such  that 

GT\2  —  0 

The  SRITJj]  of  a  which  meets  this  condition  will  necessarily  form  a  basis 
for  the  .  For  this  example, 


12, 


and  T\2  can  be  selected  as 
^0^ 


Tn  = 


ly 


3lsp  2.  a)  define  the  (y-m)  x  v  matrix 

Tx2=[T^T,2yT^ 


(0. 

=  (0,  I) 


1-1 


(0.  '). 
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and 


Step  3. 


b)  define  the  w  x  v  matrix  (f  as 

G'=(<3G'')"‘g 


(1,  0) 


t-I 


(1.  0); 


=  (1.  0) 

a)  construct  the  (v~m)  x  (v-m)  matrix 


V-Ty^ETy^ 


=  (0  I) 


1  i^ro 


0  e 


a 

-aT 


ir 


=  e 


-aT 


and 


b)  construct  the  m  x  {v-m)  matrix 


‘»=GETy^ 


=(i,  0) 


\-e 


-aT 


0  e 


a 

-dr 


1-e 


-aT 


a 


^tep  4.  construct  the  error-dynamics  discrete-time  evolution  equation 


-aT 


a 


^ySkT) 


Step  5.  design  S  such  that  Sy  {kT)  ->  0  rapidly, 
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For  this  example,  the  poles  of  [2?  +  E!?^]  in  Step  4  are  placed  at  zero  (A  =  0). 
In  that  way. 


A-[Z>-hS»]  =  A- 


ri-e-“^y 

e'"^  +  E 

1  a  J 

=  0, 


and  E  is  chosen  as 


E  = 


ae 


■aT 


Step  6.  construct  the  “filter”  part  of  the  discrete-time  reduced-order 
state-observer 

+  [(t;^  +  EG)(£G"'  )  -  (Z?  +  2»)E]y,  {kT) 


=  Q^kT)  + 


;  (4.168) 


yci.kT) 


and 

StepT,  construct  the  “assembly-equation”  portion  of  the  discrete-time 
reduced-order  state-observer 


c{kT)  =  T,j^kT)+^G^  -TJjEjy.Citr) 


0^  f  1 

^{kT)+  -or 


ydkT) 


(4.169) 


4»5.3.2.  Simulation  Results  for  Subcase  4a 


Incorporation  ofthe  hybrid  full-order  in  (4.142)  with  y/{u,)  from  (4.167)  and 

discrete-time  reduced-order  in  (4.169)  state-observers  will  result  in  a  physically-realizable  digital  servo- 
control  law  having  the  form  ^ 


v{f,kT)  =  r,e"<'-*")z(^r)4-  r,e^('-*")c(*7’)-.^^(;;^(;t7’)-  y(;tr)) 

where  F,,  r„  ,  r<,  are  given  in  Equations  (4.109),  (4.I6I),  (4.137),  and  (4.13 1),  respectively. 
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Simulation  results  were  obtained  for  two  different  sample-periods 
(f  “  0.1,  0.2)  and  for  the  case  of  no  parameter-perturbation  (Ao  =  0)  and  +/-100%  parameter-perturbation 
(Afl  =  ±l) .  In  the  simulations  for  Subcase  4a,  the  nominal  value  of  the  plant’s  a„  parameter  in  (4.123), 

ideal  model  parameter  in  (4.124),  and  exponential  decay  a  on  the  servo-command  yc(0  in  (4.150)  were 
chosen  as 


=1;  (an  inherently  unstable  plant), 

=  -3 , 


and 


a  =  l. 

The  plant  output  y(r),  the  step+ramp  disturbance  w(/),  and  the 
step+exponential  servo-command  ydO  for  the  simulation  using  a  control  sample-period  of  r=  0.2  is 
illustrated  in  Figure  4,28  and  Figure  4.30.  The  illustration  in  Figure  4.28  represents  the  nominal  case  of 
no  parameter-perturbation  (Aa  =  0).  The  illustration  in  Figure  4.30  represents  the  case  of  parameter- 
perturbation  Aa  =  -1  and  Aa=  1  overlayed  on  top  of  the  nominal  case  (shown  in  Figure  4.28).  The 

simulation  results  in  Figure  4.29  and  Figure  4.31  show  the  corresponding  servo-tracking  error  ^t)  for 
Subcase  4a. 


The  plots  in  Figure  4.32  and  Figure  4.34  show  the  plant  output  XO,  the 
step+ramp  disturbance  w(f),  and  the  step+exponential  servo-command  yc(/)  for  a  simulation  using  a 
control  sample-period  of  r=0.1.  The  simulation  results  in  Figure  4.32  illustrate  the  case  of  no 
parameter-perturbation  (Aa  =  0).  The  simulation  results  in  Figure  4.34  illustrate  the  case  of  parameter- 
perturbation  Afl  =  -1  and  Aa=  1  overlayed  on  top  of  the  nominal  case  (shown  in  Figure  4.32).  The 

simulation  plots  in  Figure  4.33  and  Figure  4.35  show  the  corresponding  servo-tracking  error  £//)  for 
Subcase  4a.  ^ 


As  expected,  the  settling-time  and  servo-tracking  error  decreases  as  the 
sample-period  is  reduced  (from  7-=  0.2  to  r=0.1).  The  digital  servo-controller  and  the  hybrid  and 
discrete-time  reduced-order  state-observers  did  not  need  to  be  recomputed  for  the  different  sample- 
periods  because  the  sample-period  T  was  carried  throughout  the  calculations  as  a  variable.  The 
decomposition  of  the  total  control-effort  greatly  reduces  the  complexity  of  the  design,  allowing  for  this 
^e  of  s^bolic  computation  on  relatively  simple  systems.  Also  note  that  the  control  term  Wp(it7)  in 
(4.158)  did  not  have  to  be  recomputed  from  (4.138),  even  though  the  value  of  the  plant’s  a„  term  changed 
from  stable  (a„  =  -3)  to  unstable  (a„  =  l) .  This  example  illustrates  that  the  same  digital  servo-controller 

equation  cm  be  used  for  both  stable  md  unstable  plants,  providing  the  plant-parameter  values  are  carried 
2^bolically  throughout  the  calculations.  The  control  terms  «c(t;A7)  and  u^r,i7)  in  (4.158)  were  reused 
from  Subcase  3c  (4.139)  since  the  general  form  of  the  disturbance  w(0  and  the  characteristics  of  the 
parameter-perturbation  vector  Aax(()  are  the  same  in  Example  4  as  they  were  in  Example  3. 
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Figure  4.28  Illustration  of  the  Plant  Output  XO,  Disturbance  w(/),  and  Servo-Command  yc(0  for 
Subcase  4a  With  an  Unstable  Plant,  =  1,  Aa  =  0,  and  Control  Sample-Period  T=  0.2. 


Figure  4.29 


Illustration  of  the  Servo-Tracking  Error  for  Subcase  4a  With  an  Unstable  Plant  a„  =  1 

Aa  -  0,  and  Control  Sample-Period  7=  0.2. 
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Control  Sample-Period:  7=0.2 


Figure  4.30  Illustration  of  the  Plant  Output  y{t).  Disturbance  w(/),  and  Servo-Command  yjijt)  for 
Subcase  4a  With  an  Unstable  Plant,  a„  -  1,  Control  Sample-Period  T=  0.2,  and  Aa  =  -1 
and  1,  Overlayed  on  Nominal  Case  of  Aa  =  0. 


Figure  4.3 1  Illustration  of  the  Servo-Tracking  Error  ejlj)  for  Subcase  4a  With  an  Unstable  Plant,  a„=\. 
Control  Sample-Period  T=  0.2,  and  Ac  =  -1  and  1,  Overlayed  on  Nominal  Case  of  Aa  =  0 . 
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Figure  4.32  Illustration  of  the  Plant  Output  y(t).  Disturbance  w(t),  and  Servo-Command  yc(0  for 
Subcase  4a  With  an  Unstable  Plant,  a„=l,  Control  Sample-Period  r=  0.1,  and  Aa  =  0 
(compare  to  Figure  4.28). 


Figure  4.33 


Illustration  of  the  Servo-Tracking  Error  ^t)  for  Subcase  4a  With  an  Unstable  Plant,  a„  =  1, 
Control  Sample-Period  7’=  0.1,  and  Ao  —  0  (compare  to  Figure  4.29). 
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Control  Sample-Period:  7=0.1 


Figure  4.34  Illustration  of  the  Plant  Output  j(/).  Disturbance  w(t),  and  Servo-Command  for  Subcase 
4a  With  an  Unstable  Plant,  a„=l.  Control  Sample-Period  7=  0.1,  and  Aa  =  -1  and  1, 
Overlayed  on  Nominal  Case  of  Aa  =  0  (compare  to  Figure  4.30). 


Control  Sample-Period:  7=0.1 


Figure  4.35  Illustration  of  the  Servo-Tracking  Error  s^t)  for  Subcase  4a  With  an  Unstable  Plant,  a„=  I, 
Control  Sample-Period  7’=  0.1,  £uid  Aa  =  -1  and  1,  Overlayed  on  Nominal  Case  of  Aa  =  0 
(compare  to  Figure  4.3 1). 


152 


4.5.4.  Subcase  4b:  Digital  Servo-Tracking  Control  Design  Utilizing  Multirate 
Sampling  and  D/C  Control-Action  u{t,kTc',kTy)  for  the  Case  of  an  Unstable  First- 
Order  Plant  and  Step+Exponential  Servo-Command  y^i),  and  Subjected  to  a 
Step+Ramp  Disturbance  Mf)  and  Parameter-Perturbation  Ac 

The  digital  servo-tracking  controller  in  (4.158)  designed  in  Subcase  4a  can  be 
modified  to  use  different  sampling-rates  to  achieve  a  level  of  servo-tracking  performance  that  cannot  be 
matched  using  a  single-rate  servo-controller.  The  digital  servo-tracking  controller  u{t-,kT)  in  (4.158)  from 
Subcase  4a  is  implemented  in  this  Subsection  such  that  the  control  terms  uJif,kT)  and  uJitJcT)  run  at 
sample-rate  MTy  and  the  control  terms  uJlj\kT)  and  Up{kT)  run  at  sample-rate  MTc .  It  is  assumed  that 
measurements  of  the  plant  output  y(t)  are  available  every  t  =  kT^  and  measurements  of  the  servo- 

command  are  available  every  t  =  kT^  and  the  sample-periods  Tc  and  Ty  are  related  by  (3.80).  In  that 

way,  the  ideal  digital-continuous  digital  servo-controller  equation  in  (4.158)  is  rewritten  as  (assuming 
ando„=  1) 


u{t,kT,-,kTy)  =  u,{t,kTy)  +  u,{f,kT,)^  u.{kT,)  +  u,{f,kT), 


(4.171) 


where 


(t;  kTp )  =  -2,  {kTp )  -  (r  -  kT^  )22  {kTp ) , 


a 


CtikT,), 


n  ( \ 


and 


servo-tracking  control  law  in  (4.158)  can  be  modified  to  take  full  benefit 
of  the  use  of  multiple  sample-rates.  For  example,  the  particular  multirate  implementation  in  (4  171)  can 
be  altered  such  that  an  inherently  unstable,  or  highly-oscillatory,  plant  (a„=l  for  Example  4)  is  controlled 
and  stabilized  at  the  higher  sample-rate  MTy.  In  that  way  an  additional  control  term,  postulated  in 
continuous-time  as  u^^{t)  =  K„x{t),  is  designed  such  that  the  continuous-time  homogeneous  equation 
(refer  to  (3.83)) 


m  =  {a„+bK„)x{t) 


(4.172) 


has  certain  specified  eigenvalues.  For  that  purpose,  K„  is  selected  such  that 

det[AI-(a„-hi^j]  =  P„(A)  (4  17 

where  P„(X)  is  given  in  (4.125)  and  the  term  a„  in  (4.124)  is  replaced  by  the  composite  term  a„  +  bK„ , 
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(4.174) 


The  discrete-time  counterpart  to  the  design  of  Km  in  (4. 1 72)  is  to  choose  K„  to  obtain 
det[AI-(^  +.B^„)]  =  det[;iI-;i„],  (4.175) 

where  and  B  are  defined  in  (4.135)  (with  T  replaced  by  Ty)  and  A„  for  defined  in 

(4.174). 


For  this  example,  K„  is  designed  to  satisfy 


^  1 

z - - -K„  =  A- 


(4.176) 


Solving  for  in  (4.176)  yields  the  result  (a„  =  1  and  a„  9^  ) 


The  (ideal)  control  term  (kT  )  in  (3.87)  can  thus  be  chosen  as 


u,SkT^)^K^x{kT^) 


a„T^  1 


X{kTy) 


(4.177) 


(4.178) 


Assuming  the  ideal  choice  for  (kTy)  in  (4.178)  is  implemented,  the  control  terms 

Us{t\kTc)  and  Up{kT^  in  (4.171)  would  be  designed  using  the  “new”  a„  parameter.  That  is,  the  term  On 

would  be  replaced  by  and  would  be  replaced  by  the  exponential  throughout  the 

design  of  Us{t,kT^  and  Up{kT^  in  Subsections  4.5.3  and  4.4,5.  In  that  way,  the  improved  ideal  multirate 
servo-controller  equation  becomes  {a 

u{t;kTy^,kT,)  =  u^{t;kTy)  +  u,{t;kT^)-\^Up{kT^  (4.179) 

where 


u,{t-kT,)  =  -[a„+bkJ)y^ikT,)+ 


e-“^*-'‘^^(a„+bk„+a)-a„-bk, 


m 


a 


C2(kT,), 
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( Jc  (^7;  )  -  y{kT^  )) ,  where  (a„  +  bK„  j  0 , 


J,a,.bk,)T,  _j 

and  Uc(t;kTy)  and  uJj,kTy)  are  given  in  (4.171)  and  {kTy)  is  given  in  (4.178). 


4.5.4.I.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for 
Subcase  4b 

The  digital  servo-controller  in  (4.179)  is  realized  by  utilizing  the  discrete¬ 
time  reduced-order  state-observer  in  (4.169)  obtained  in  Subcase  4a  (with  T  replaced  by  Tc),  by 
substituting  Ty  for  T  in  the  hybrid  full-order  state-observer  in  (4.142)  computed  for  Subcase  3c,  and  by 
modifying  the  term  y/{u, )  in  (4. 1 67)  in  the  following  way. 

Divide  the  control  task  in  (4. 1 79)  into  a  discrete  part  uiij(kT)  and  a  continuous 

tune-varying  part  u^t) 


u(t;kr,;kTy)  =  u,^(kT,)  +  u,(t);  kT^t<(k+l)T,  (4.180) 


where 

Uyr(kT,-,kTy)  =  Up{kT,)  +  {kTy), 

and 


«,  (0  =  Wc  it-,  kTy  )  +  u,{t-kT,)  +  u,  (t;  kTy ) . 

The  M,(/)  in  (4. 1 80)  changes  the  value  of  y/{u, )  in  (4. 1 67).  The  new  value  of 

V'iMt)  is  computed  as 

^  {T)dT 


(a„r,+l-e"'^0 


)  +  ^ ^ 


^a(kTy) 


-0„} 

a(a„  +  a) 


-c,m)+ 


1-6°"'^ 


OM 


C2iK) 


where a„=  1,  a„  Q:;t0,and  a^-a 


(4.181) 
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To  physically  realize  the  estimates  z^{kTy)  and  z^{kTy)  are  used  from  the  hybrid  full- 

order  state-observer  (4.142)  and  the  estimate  is  obtained  from  the  output  of  the  discrete-time 

reduced-order  state-observer  (4.169). 


4.5.4.2.  Simulation  Results  for  Subcase  4b 

Simulation  results  were  obtained  for  Subcase  4b  using  the  plant,  disturbance, 
and  servo-command,  given  in  (4.76),  (4.77),  and  (4.150)  where  the  value  of  the  plant’s  a„  parameter, 
parameter-perturbation  Ao  in  (4.123),  ideal  model  parameter  a„  in  (4.124),  exponential  decay  a  on  the 
servo-command  yc(0  in  (4.150),  and  control  sample-periods  Tc  and  7),  were  chosen  as 

a„=l 

~  *3, 

a  =  l. 


and 


Control  Sample-Period: 


7;  =  0.01,  T,=l 
7;  =  0.05,  T,=02 
7;=  0.01,  T,=02 

r^=o.oi,  T,=o.i 


for  the  cases  ( 


Aflf  =  0 

Afl  =  -3,-l,  0,1,3 
Afl  =  -3,-1, 0,1,3 
Aa  =  -3,-l,0,l,3 


The  simulation  results  in  Figure  4.36,  Figure  4.38,  Figure  4.40,  and  Figure 
4.42  illustrate  the  plant  output  y(t),  the  step+ramp  disturbance  w(t),  and  the  step+exponential  servo- 
command  y,(0  and  the  simulation  plots  in  Figure  4.37,  Figure  4.39,  Figure  4.41,  and  Figure  4.43  show 
the  servo-tracking  error  £y(t)  =  yc(t)- y(t)  for  Subcase  4b.  In  particular,  the  simulation  plots  in  Figure 

4.36  and  Figure  4.37  are  for  the  nominal  case  (Ao  =  0) .  This  subcase  is  provided  to  illustrate  the  added 
benefits  that  can  be  obtained  by  incorporating  the  additional  control  term  (kTy)  in  (4.178).  In  that 

way,  the  simulation  result  shown  in  Figure  4.36  graphs  the  plant  outputs  and  the  result  shown  in  Figure 

4.37  graphs  the  servo-tracking  errors  for  the  case  of  the  servo-controllers  u{t,kTy,kTc),  as  given  in  (4.171) 
(where  (A7^  )  =  0),  and  u(t;kTy;kTc),  as  given  in  (4.179).  The  improvement  provided  by  the  control 

term  u^^(kTy)  can  be  seen  by  examining  the  performance  between  the  sample  times  kTc  and  (iH-1  )rc, 

where  7’c  =  1.  For  the  most  part,  the  tracking  error  is  smaller  for  the  case  when  the  control  term 
Ua„(kTy)  is  included.  The  simulations  results  shown  in  Figure  4.38  through  Figure  4.43  utilize  the 

multirate  control  law  in  (4.179)  where  u,^(kTy)  is  included.  The  simulation  plots  in  Figure  4.38  through 

Figure  4.43  illustrate  the  performance  of  the  plant  in  Subcase  4b  for  a  variety  of  parameter-perturbations 
Aa,  including  perturbations  as  large  as  +/-  300%  of  the  a„  parameter.  A  variety  of  sample  periods  are 
used  to  illustrate  the  level  of  performance  that  can  be  achieved  by  combining  the  sample  rates  in  different 
ways.  The  performance  of  the  multirate  servo-controller  in  (4.179)  (Figure  4.38  through  Figure  4.43)  can 
be  compared  to  the  performance  of  the  single-rate  servo-controller  in  (4.170)  used  in  Subcase  4a  tsee 
Figure  4.28  through  Figure  4.35).  '' 
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Control  Sample-Periods:  Ty- 0.01,  Tc  =  1 


Figure  4.36  Illustration  of  the  Plant  Output  y(t),  Disturbance  w(0,  and  Servo-Command  yj(t)  for 
Subcase  4b:  An  Unstable  Plant  (a„  =  1)  With  Known  Parameters  (Aa  =  0)  and 
Compensated  by  a  Multirate  Controller  Using  Sample  Periods  7},  =  0.01  and  7;  =1,  With 
and  Without  the  u^^(kTy)  Control  Term  Included. 


Figure  4.37  Illustration  of  the  Servo-Tracking  Error  e^t)  for  Subcase  4b  With  An  Unstable  Plant 
(a„-  1)  With  Known  Parameters  (Aa  =  0)  and  Compensated  by  a  Multirate  Controller 
Using  Sample  Periods  Ty  =  0.01  and  7;  =  1,  With  and  Without  the  (kT^ )  Control  Term 
Included. 
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Figure  4.38 


Figure  4.39 


Control  Sample-Periods:  0.05,  Tc  -  0.2 


Illustration  of  the  Plant  Output  y(t).  Disturbance  w(t),  and  Servo-Command  y^t)  for 
Subcase  4b  With  An  Unstable  Plant  (a„  =  1)  Subjected  to  Parameter-Perturbations 
^  =  -3,- 1, 0, 1,  and  3 ,  and  Compensated  by  a  Multirate  Controller  Using  Sample  Periods 
r^=0.05  and  7;  =0.2. 


Control  Sample-Periods:  Ty  =  0.05,  Tc  =  0.2 


Illustration  of  the  Servo-Tracking  Error  e^t)  for  Subcase  4b  With  An  Unstable  Plant 
(a„-l)  Subjected  to  Parameter-Perturbations  Aa  =  -3,  - 1, 0, 1,  and  3 ,  and  Compensated 
by  a  Multirate  Controller  Using  Sample  Periods  Ty  =  0.05  and  7;  =  0.2 
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Control  Sample-Periods:  ?/=  0.01,  7c  =  0.2 


Figure  4.40  Illustration  of  the  Plant  Output  y{t\  Disturbance  and  Servo-Command  ydt)  for 
Subcase  4b  With  An  Unstable  Plant  (a„=l)  Subjected  to  Parameter-Perturbations 
^  3  Compensated  by  a  Multirate  Controller  Using  Sample  Periods 

Ty=0m  and  T,=02. 


Figure  4.41  Illustration  of  the  Servo-Tracking  Error  s^t)  for  Subcase  4b  With  An  Unstable  Plant 
(a„  1)  Subjected  to  Parameter-Perturbations  Aa  =  -3,  - 1, 0, 1,  and  3 ,  and  Compensated 
by  a  Multirate  Controller  Using  Sample  Periods  7^  =  0.01  and  7;  =  0  2 
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Control  Sample-Periods;  Ty=  0.01,  Tc=  0.1 


Figure  4.42  Illustration  of  the  Plant  Output  Disturbance  wC/),  and  Servo-Command  y^t)  for 
Subcase  4b  With  An  Unstable  Plant  (a„=l)  Subjected  to  Parameter-Perturbations 
Aa  =  —3,  - 1, 0, 1,  and  3 ,  and  Compensated  by  a  Multirate  Controller  Using  Sample  Periods 
7;=0.01  and  7^=0.!. 


Control  Sample-Periods:  Ty-  0.01,  Tcs  0.1 


Figure  4.43  Illustration  of  the  Servo-Tracking  Error  e^t)  for  Subcase  4b  With  An  Unstable  Plant 
(a„  =  1)  Subjected  to  Parameter-Perturbations  Ao  =  -3,  - 1, 0, 1,  and  3 ,  and  Compensated 
by  a  Multirate  Controller  Using  Sample  Periods  rj,  =  0.01  and  Tc  =  Q.\. 
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4.6.  Example  5:  An  Unstable  Second-Order  Plant  and  Stepwise-Constant  Servo-Command 
y^t),  and  Subjected  to  a  (Step+Ramp)xDecaying-ExponentiaI  Disturbance  w{t)  and 
Parameter-Perturbations  IsA 

This  numerical  example  illustrates  an  unstable  second-order  plant  that  is  required  to  track  a 
servo-command  yc(0  composed  of  stepwise-constants.  The  disturbance  w(/)  is  composed  of  a  stepwise- 
constant  decaying-exponential  and  a  ramp  multiplied  by  a  decaying  exponential.  The  plant’s  A  matrix  is 
perturbed.  A  physically-realizable  digital  servo-controller  uit\kT)  having  D/C  holding-action  is  designed 
for  Example  5,  and  simulation  results  are  presented  using  both  single-rate  and  multirate  digital  servo- 
controllers. 


4.6.1.  State  Models  for  the  Plant,  Disturbance,  Parameter-Perturbation,  and  Servo- 
Command  for  Example  5 

The  plant  for  this  example  is  modeled  by  the  following  second-order  differential 

equation: 


y(0  -  (2  +  )  +  (-1  +  Aa,  )y(t) + «(r)  +  w(r) .  (4.1 82) 

The  disturbance  w{t)  is  known  to  have  the  following  form: 

=  (ci  +C2t)e~“ ,  (4.183) 

where  c,  and  cj  are  unknown  stepwise-constants  which  may  “jump”  in  value  from  time-to-time,  and  a  is 

a  known  quantity.  The  interval  between  successive  jumps  in  c,  and  C2  is  assumed  to  be  somewhat  larger 
than  the  sampling-period  T. 

The  state  model  for  the  plant  is  easily  determined  by  choosing  x\(f)  =  y(/)  and 
^2(0  =  y(0  as  follows: 


x(t)  —  Af/X(t')  +  Bu(t)  +  EVv(r)  +  AAx(t) 

y(t)  =  Cx(t)  ’  (4.184) 

where 


A„  = 


0  1 

-1  2 


B 


_f0') 

"llj’ 


F  = 


u 


AA  = 


0  0 

Aa,  Aa2 


C=(I  0). 


...  .  ^  similar  state  model  is  developed  for  the  disturbance  w(/)  in  (4.183)  using  the 

techniques  described  in  Section  2.5  by  noting  that  between  jumps  in  the  c,,  L  dLrbLe 
governed  by  the  linear  homogeneous  differential  equation  ^  ^ 
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#(0  +  2cnv{t)  +  a^\v{t)  =  0 . 


(4.185) 


Using  the  methods  described  in  Section  2.5  the  state  model  for  the  disturbance  «>(/)  in  (4.185)  is  obtained 
as 


Mj)  =  Hz(t) 

z{t)  =  Dz{t)+CT{t)  ’ 


(4.186) 


where 


H  =  {\,  0), 


0 

-la 


and 

(j{t)  are  uncertain,  sparse  impulses  that  “cause”  the  occasional  “jumps”  in  the 

disturbance  w(/). 

The  parameter  disturbance-effects  Mx{f)  in  (4.184)  are  modeled  as  described  in  Subsection  3.2.4  as 

w„(t)  =  -(AA)x(t).  (4.187) 

As  shown  in  [39],  w^t)  is  closely  approximated  by  the  known  differential  equation  model  (in  (3.44)) 
where  the  coefficients  >9,  in  (3.44)  are  obtained  from  the  characteristic  polynomial  in  (3.36)  for  the 
“ideal”  closed-loop  dynamics  of  the  servo-state  vector  e^r)  in  (3.35).  The  ideal  model  in  (3.35)  is 
chosen  for  Example  5  as 


^ss(.0  — 


0 

-36 


(4.188) 


The  desired  characteristic  equation  in  (3.36)  is  computed  from  (4.188)  as 

P„(;i)  =  det(;iI-^„) 

=  A^+12yl  +  36 

=  (A  +  6y 


(4.189) 


Proceeding  as  in  Subsection  3.2.4,  the  dynamic  behavior  of  the  parameter  disturbance 
term  (A4)x(0  is  expressed  by  the  state  model  (same  as  (3.45)) 


i„(/)  =  Z)„2„(/)  +  a„(0 


(4.190) 


where  the  procedure  for  determining  Ha  and  is  given  in  Subsection  3.2.4.  For  this  particular  example 
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(4.191) 


and 


1 

-12 


(4.192) 


The  term  (7o(0  in  (4.190)  represents  sporadic,  sparse-in-time  impulses  that  are  the  source  of  the  uncertain 
intersample  “jumps”  that  may  occasionally  occur  in  the  disturbance  vector  (A/4)cc(/).  As  discussed  below 
(3.72),  the  a^t)  term  is  disregarded  throughout  the  design  process. 


Using  the  techniques  described  in  Section  2.6  and  Subsection  3.3.2,  discrete-time 
models  can  be  obtained  for  the  plant,  disturbance,  and  parameter-disturbance  vector.  Those  models  are 


Plant: 


x{{k  +  \)T)  =  AffX{kT)  +  BUpikT)  +  y/(u, )  +  FHz{kT) 
-Ha2SkT)  +  nkT)-r, 

y(,kT)  =  Cx{kT) 

where 


(4.193) 


e^{\-T) 

-Te^ 


Te^ 

e^(l  +  7’) 


I  T/  J 


FH=  ^e'^x^^-^'>FHe'^^dT  = 


flh\  flhi 
.flh\  flhi. 


where 

e'‘^((a  +  l)g7’  +  3a-H)  +  g^((7’-lX3g  +  l)  +  2rg^ ) 

(1  +  g)' 


Ai  = 


if  g  -1 


if  g  =  -1 
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(e^  +  e-“^)r(a  + 1)  -  2(e^  - 

(l  +  af 


Ai  = 


and 


A2  ~ 


7^3 

— e" 


-  e~°^(2a^  +  a^TQ  +  a))  +  iT(3a  +  l  +  2a^)  +  2a^) 


ifa^i-l 

3 

if  a  =  -1 


2\  . 


rl  7’^'' 


if  a?i-l 


ifa  =  -l 


[ [e-'^  -e^Yi-a(\  +  T)) + T(e^  -  a^e-^) 


{Uaf 


r  rf,  T 
— e  1+— 
2^3 


if  a  ^  -1 


if  a  =  -1 


^oll  ^ol2 
L^a2I  ^a22j 


where 

K\  1  =  e'*^(0.1 2247 + 0.0554) + e^(026537’  -  0.0554) , 

hM  =  c'^^(0.0204r  +  0.0058)+ e^(0.0204r  -  0.0058), 

K2\  =  -^■^^(0.73477’+ 02099) +e^(026537’+ 02099) , 
and 

K22  =  -e‘*^(0.1224r+ 0.0146)+ e^(0.0204r+  0.0146) , 
C  =  (l  0), 

y{kT)  =  I"  ^  +  kT)d^T , 


and 


Yai.kT)=  ^e'^^^^-^a„{4  +  kT)d^T  ; 
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Disturbance: 


w{kT)=Hz{kT) 

z{{k  +  \)T)  =  D2{kT)-^'B{kT)  ’ 

where 


H  =  {\,  0), 


b  =  e 


DT 


e"“^(I  +  ar) 


and 


(4.194) 


a{kT)  =  e^'^-^(Ti4+kT)d^; 


and 


Parameter-perturbation  vector: 


-  AAx(t)  =  w„  (kT)  =  (kT) 

2a  ((k  +  m  =  D,2,  (kT)  +  a,  (kT) 


where 


and 


H„  = 


(0  0^ 

1  oj’ 


£'*’■(1  +  67’)  Te-^^ 

-36Te-^^  e"*^(l-6r) 


(4.195) 


^aikT)=  fe^°(^-^crj^  +  kr)d^ 
0 


It  is  hereafter  assumed  that  a  1  throughout  Example  5. 


servo-command  yc(0  is  assumed  to  be  an  unknown 
as  given  in  (4.8).  The  continuous  and  discrete-time  models  for  this  command 
(4.11)  in  Example  1. 


stepwise-constant  command 
were  obtained  in  (4.10)  and 
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4.6.2.  The  Necessary  and  Sufficient  Condition  for  Achieving  Exact  Servo-Tracking  for 
Example  5 

The  objective  is  to  design  a  digital  servo-tracking  controller  for  the  plant  in  (4.182) 
such  that  the  tracking-error,  defined  by 

^/0  =  Jc(0-X0.  (4.196) 

goes  to  zero  in  the  face  of  arbitrary  plant  initial  conditions  and  unmeasurable  plant  disturbances.  As  first 
shown  in  [37],  the  necessary  and  sufficient  conditions  for  achieving  theoretically  exact  servo-tracking  is 
that  the  servo-command  input  yjif)  must  consistently  lie  in  the  column  range-space  of  the  plant-output 
matrix  C  in  (4.184)  for  all  t.  In  the  present  problem,  satisfaction  of  this  condition  requires  that  (from 
(2.33)) 

<R[G]c5R[C]  .  (4.197) 

If  (4.197)  is  satisfied,  then  it  is  possible  to  express  G  as  some  linear  combination  of  the  columns  of  C. 
That  is,  G  =  COfor  some  possibly  nonunique  6.  Substituting  G  and  C  from  (4.10)  and  (4,184)  into  G  = 
C^yields 


One  choice  for  ^satisfying  (4.198)  is 


e= 


(4.198) 


(4.199) 


The  control  task  is  to  design  v{t',kT)  such  that  the  servo-state  vector  e^sif)  defined  by 
(3.2)  is  controlled  to  ^{C].  For  the  present  example,  we  have  chosen  to  stabilize  to  the  nullpoint. 
In  this  special  case,  C  =  I  in  (2.46),  where  I  is  the  «  x  n  («  =  2)  identity  matrix. 

The  plant,  disturbance,  and  servo-command  in  (4.182),  (4.183),  and  (4.8), 
respectively,  the  <9  determined  in  (4.199),  and  the  ideal  model  in  (4.188)  will  now  be  used  in  two 
subcases  of  Example  5  using  the  digital  servo-control  techniques  presented  in  Chapters  2  and  3  of  this 
report. 


4.6.3.  Subcase  5a:  Digital  Servo-Tracking  Control  Design  Utilizing  D/C  Control- 
Action  «(r;^7)  for  the  Case  of  an  Unstable  Second-Order  Plant  and  Stepwise- 
Constant  Servo-Command  and  Subjected  to  a  (Step+Ramp)*Decaying- 
Exponential  Disturbance  w{i)  and  Parameter-Perturbations  AA 

The  ideal  digital  servo-tracking  control  law  for  Subcase  5  is  written  as 

u(t;  kT)  =  (t;  kT)  +  (t;  kT)  +  (kT)  +  (/;  kT) ,  (4.200) 
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The  D/C  control  terms  u^f,kT),  and  u,{t-,kT),  and  uJi^t'kT)  are  designed  to  provide  intersample 
accommodation  of  the  effects  of  the  external  disturbance  and  disturbance-like  effects  of  the  servo- 
command  and  parameter-perturbations.  The  control  term  Up{kT)  is  designed  to  regulate  the  servo-state 
vector  ejt)  to  the  nullpoint. 


4.6J.1.  The  Design  of  the  Control  Terms  Uc{t\kT),  u^t;kT)^  and  uJif;kT)  to 
Provide  Intersample  Accommodation  of  the  Effects  of  the  Disturbance 
w{t),  Servo-Command  and  Parameter-Perturbations  AA. 

The  necessary  and  sufficient  conditions  for  existence  of  the  control  terms 
u^t,kT)  satisfying  (3.15),  u^t;kT)  satisfying  (3.16),  and  Ua(t;kT)  satisfying  (3.48)  are  given  in  (3.12), 
(3.13),  and  (3.49),  respectively.  Satisfaction  of  those  conditions  is  shown  as  follows.’ 

for  U({t,kT):  rank[F/f  |  5]  =  rank[.S] ;  (same  as  (3.12)),  (4.201) 

where 


rank[F/f  |  5]  =  rank 


o 

o 

o' 

[l  0 

i_ 

=  1, 


and 


for  uj(t’,kT)\ 


for  uJ(f,kT): 


rank[5]  =  rank 


=  1; 


rwk[eE  -Ae\B]  =  rank[5];  (same  as  (3.13)), 
where 


rank[^E  -  A0  \  B\  =  rank 


'0 

o' 

1 

1 

=  1, 


and  rank[5]  is  given  below  (4.201); 

I  =  rank[5] ;  (same  as  (3 .49)), 

where 


rank[/f^  |  5]  =  rank 


'0  0 

o' 

1  0 

1. 

=  1, 


(4.202) 


(4.203) 


and  rank[5]  is  given  below  (4.201). 

Clearly  the  rank  conditions  in  (4.201),  (4.202),  and  (4.203)  are  met  and  there 
such  that 


exists  gain  matrices 


r,. 
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for  r-. 


FH+BT,=  ®  ®  ®  0  1  =  0 

[i  oJ  Lrc  r,J 


(4.204) 


for  H: 


(4.205) 


for  r.: 


rr  OT^  0  0  0  0 

H„  -  BY.  =  -  =  0 ; 

1  0  r  r 

L*  L^al  ^a2j 


(4.206) 


A  suitable  choice  for  r„  r„  and  r„  satisfying  (4.204),  (4.205),  and  (4.206)  is 

rc=(-i,  0), 


(4.207) 


r,=i . 


(4.208) 


r<,=(i,  0). 


(4.209) 


The  continuous-time  control  terms  u^t),  u^t),  and  uj^f)  in  (3.19),  (3.20),  and  (3.51)  can  thus  be  chosen 
(ideally)  as 


w,(0  =  r,z(0 

=  -^,(0 


(4.210) 


«,(0=r,c(o 

=  c(0 


(4.211) 


Wa(0=r„z,(/) 
=  ■^<,1(0 


(4.212) 


during  the  interval  kT^t<{k  +  \)T  .  Recall,  again,  that  the  digital  controller  is  only  allowed  to  use 

measurements,  or  estimates,  of  the  states  z{t),  c(t)  and  z^r)  at  times  t  =  kT,  k=  0,  1,2, .. .  Therefore  the 
projected  or  forecasted  behaviors  of  z(/),  c(t),  and  z^t)  across  each  intersample  interval  must  be 
represented  m  terms  of  z(A:7),  c(kD,  and  z^kT),  respectively.  This  relationship  is  found  in  the  general 

solution  to  (4.186),  (4.10),  and  (4.190)  evaluated  at  each  t  over  the  interval  from  kT  to  t  =  (yfc+nr  In 
particular,  '  /  ■ 


Disturbance  state-vector: 
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;  (4.213) 


r(0  =  e"^'"*^^z(it70  +  r,(0 


^  e-“('-*?')(l  +  a(/_jtD) 

[  -a^{t-kT)e-“^‘-'‘'^ 
Servo-command  state-vector: 

> 

=  c{kT)+rXt) 


ykT)  +  r^(t) 


Parameter-disturbance  vector: 


(4.214) 


z«(0  =  e®”^'’*^^r„(^r)+ r„(0 


e'‘(''*^)(l  +  6(/-it7’)) 
-36(/-A:r)c‘®('"*^> 


(/-yfc7)e-*<'-*^> 

e'*('"*^)(l-6(/-)t7’)) 


k(^7’)+r„(/) 


;  (4.215) 


where 

r<;(/)  is  a  residual-effect  given  by  r^{t)  =  ^  e°^'“'’V(r)^r , 

r//)  is  a  residual-effect  given  by  r^{t)  =  e^^'"‘^V(r)i/r , 

and 


/•flfr)  is  a  residual-effect  given  by  r^(/)  =  jj^  e®‘’^'"’^V^(r)<^r . 


^  ^^‘^2),  the  r,(/X  rXO,  and  rj(t)  ternis  are 

excluded  from  die  design  process.  Substituting  (4.213),  (4.214),  and  (4.215),  into  (4.210),  (4.211),  and 

(4.212),  respectively,  and  disregarding  the  residual  terms,  yields  the  final  (idealized)  form  of  the  w  u 
and  Ua  control  terms  " 

u,{f,kT)  =  T,e‘^^-’‘^z{kT) 


=  (-I,  0) 


e~‘"^‘~"\\  +  a{t^kT)) 
-a^(/-ifcJ)e-“('-*^> 


e'“('’*^)(l-a(/-A:J)) 


HkT), 


=  -^-"<'-*'■>(1  +  ait  -  kT))z,  ikT)  -it-  kr)e-"^‘-'‘^z,  ikT) 


(4.216) 
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4.6  J.2.  The  Design  of  the  Control  Term  Up{kT)  for  Subcase  5a 

The  structure  of  the  idealized  servo-tracking  control  term  u^kT)  is  postulated 
as  in  (2.63).  The  method  for  designing  u^kT)  was  presented  in  Subsection  3.2.6  where  in  (2.63)  is 

designed  to  achieve  the  ideal  model  characteristics  in  (4.188).  In  that  way,  the  matrix  Kp  is  chosen  to 
obtain  the  following 

det[AI-(:?^ +M,)]  =  det(;iI-:4„) 

=  +  ,  (4.219) 

where  and  B  are  defined  in  (4.193)  and  for  in  (4.188).  In  that  way,  (4.219)  becomes 

+  ((e^O  -T)- 1)^^,  -  e\Tkp^  +  2));i 

,  (4.220) 

+  e^{\  +  T- e^)kp,  +  e^lkp^  +  e^)  =  A'  - 2e-^^A  + 
and  the  matrix  Kp  satisfying  (4.220)  is  selected  as 

Kp^Y  (4.221) 

where 
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and 


4.6.33.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for 
Subcase  5a 


Estimates  of  the  single  servo-command  state  c{kT)  can  be  obtained  directly 
from  on-lme  measurements  ofy#7).  Estimates  of  the  plant  state  x{kT),  disturbance  state  z{kT),  and  the 
parameter-perturbation  state  z^kT)  are  generated  from  a  hybrid  full-order  observer  similar  to  that 

obtained  directly  from  on-line  measurements  of 
yikl)  (refer  to  (4.193)).  The  hybrid  full-order  observer  developed  in  this  Subsection  uses  measurements 
of  the  plant  output  to  obtain  the  real-time  state  estimates  x(kT)^  z{kT)^  jc((^  +  l)7’) 

f((A:  +  l)r),and  4((^  +  l)7’)  ofac(^7),z(^7),r<^*7),jc((AH-l)7),r((AH-l)7),and2,((yfc+I)7).  ’ 
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In  order  to  design  the  hybrid  full-order  state-observer,  a  composite  system 
must  be  obtained.  As  in  Subcase  3c,  the  control  task  must  be  divided  into  a  discrete  part  Up{kT)  and  a 
continuous  time-varying  part  «,(•),  such  that  (4.223)  is  rewritten  as 

«(/;  kT)  =  Up  {kT)  +  u,{t)\  kT  <{k  +  \)T ,  (4.224) 

where  uJikT)  is  the  portion  of  u(t;kr)  in  (4.224)  that  is  held  constant  between  sample  times,  and 

u,(t)  =  u^(t;kT)  +  u,(t;kT)  +  u^(t;kr)  ,  (4.225) 

is  the  portion  of  u(t;kT)  in  (4.224)  that  varies  with  time  between  each  successive  sample-time. 

Recall  the  discrete-time  composite  plant/disturbance  model  from  (3.72), 


r4(^+i)7o] 

FH 

-Ha 

f  x(kr)^ 

z{{k  +  \)T) 

= 

0 

D 

0 

z(kT) 

+ 

0 

Up{kT)  + 

0 

U((^+W 

0 

0 

Da 

\Za{kT)) 

.oj 

1  0  J 

,  (4.226) 


rm-Fam] 


a{kT) 


^ai-kT) 


where  A^,  B,  FH ,  H„,  D,  D,,  y{kT),  f„{kT),  5(i7),  and  B^{kT)  are  given  in  (4.193),  (4.194), 
and  (4.195)  and  y/{u, )  is  computed  as  (assuming  a  9^  -1 ) 


)  =  r  {T)dT  =  f 

*  Wi 


(4.227) 


where 

_  -  e~°^(ar(l  +  g)  + 1  +  3g)  -  e^(7(l  +  3g  +  2g^)  - 1  -  3d) 

^  -e-“'^{T{\  +  a)  +  2)-e^{T(\  +  a)-2) _ 

(l  +  «)^ 

+  (0.0554  +  0.12247^  +  e^(026537’-  0.0554))z„,  {kT) 

+  (e'^^(0.00583  +  0.02047)  +  e'’ (0.02047  -  0.00583))z„2  ikT) 
+  [\  +  e^{T-\))y,{kT) 
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+  T{\  +  a)-e^(2a^(l  +  r)  +  T(l  +  3a) 

(1  +  a)' 

^  T(l  +  aXae-^^  -  e^)  +  (a  -  l)(e-“"  -e^)  _ 

'  ^  ^2  \KT) 

il  +  af 

+  p(0.0379  +  02099)  -  e'*^(0.7347r-  02099))z„,  (kT) 
+  (e^(0.0204r+  0.0146)  +  e-®^(0.12257’  +  0.0146))z^2  (kT) 
+  Te^yAkT) 

The  hybrid  full-order  state-observer  equations  are  given  in  (3.76)  as 


rje((A+i)D> 

Fff 

-Ha 

(x{kT)^ 

m  +  i)r) 

= 

0 

D 

0 

z{kT) 

+ 

Up{kT)  + 

0 

U((k  +  l)Dj 

0 

0 

y^aikT)} 

[oj 

k  0  j 

x(;tr)^ 

” 

+ 

^02 

(C  1  0  1  0) 

zikT) 

-y{kT) 

[.KikT)) 

,  (4.228) 


where  A,,,  B,  FH ,  C,  H^,  D,  5^,  and  y/{u,)  are  given  in  (4.193),  (4.194),  (4.195),  and  (4.227)  and 


where  = 


K, 


02 


K, 


03 


is  an  observer  gain-matrix  to  be  determined. 


The  general  discrete-time  evolution  equations  for  the  error  dynamics  of  the 
hybrid  full-order  observer  are  given  in  (3.77)  as 


FH 

1 

_ 1 

= 

^02C 

b 

0 

sAkT) 

Kq^C 

0 

Da 

U.(*r)J 

(4.229) 
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As  before,  it  is  desirable  to  design  so  that  the  observer  error 


s,(kT) 


goes  to  zero  promptly.  Pole 


K^.SkT)) 

placement  is  used  to  determine  an  appropriate  Kq  ,  where  the  roots  of  the  characteristic  polynomial 


A  +  ^,C 

FH 

det 

Al- 

K^2C 

b 

0 

0 

A 

=  />(A) 


desired  • 


(4.230) 


are  such  that  the  observer  estimated  value  of  the  plant  state  x(kT),  disturbance  state  2(kT),  and 
parameter-perturbation  state  z„(kT),  quickly  and  accurately  track  the  actual  corresponding  plant, 
disturbance,  and  parameter-perturbation  states  x(kT),  zikT),  and  zJ^kT).  This  means  that  the  roots  of 
P{^)desind  in  (4.230)  can  placed  at  sufficiently-damped  locations  inside  the  unit  circle  ( |A/|  <  1 ),  For  the 
present  example,  P(k)dewtd  is  chosen  as 


PWdosired  = ■  (4.231) 

For  Subcase  5a,  there  are  six  observer  gain  values  that  must  be  obtained. 
Computation  of  those  observer  gains  is  greatly  simplified  by  selecting  the  sample-period  Tand  the  decay- 
rate  a  on  the  exponential  portion  of  the  disturbance.  For  the  present  example,  7=  0.1  and  a=  1. 
Substituting  those  values  and  (4.231)  into  (4.230)  and  solving  for  yields 


Aro{r  =  0.1,ar  =  l)  = 


-5.1176 

^0.2 

-66.3346 

•^021 

23.6918 

K-m 

-4792.8605 

509.7822 

.1^032  . 

-2436.9102 

(4.232) 


4.6.3.4.  Simulation  Results  for  Subcase  5a 

Incorporation  of  the  hybrid  full-order  observer  in  (4.228)  and  substituting 
(4.216),  (4.217),  (4.218),  and  (4.222)  into  (4.200)  will  result  in  the  physically-realizable  digital  servo- 
control  law  for  Subcase  5a 
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«(/;  kT)  =  u,  (t;  kT)  +  u,  {f,kT)  +  {kT)  +  u,  (t;  kT) 


=  (1  +  a(/  -  kT))z^  {kT)  -{t-  {kT) 


.IT  ^-\1T  ^(T 

+  c{kT) - ^ ,  \yc  {kT)  -  y{kT)) 


0-T 


(4.233) 


-2e\  +  2e-‘^)(7’  + 1)  +  -  D - 2e-^^  +  ^ 


-  T{e'^  - 1)2 


X2{kT) 


+  e-®('-*2')(l  +  6(/  -  kT))z^^  {kT)  +  {t-  ikT) 

Simulations  results  were  obtained  for  the  unstable,  second-order  plant, 
(step+ramp)  X  exponential  disturbance,  and  stepwise-constant  servo-command  given  in  (4.182),  (4.183), 
and  (4.8).  As  stated  above  (4.232),  the  control  sample-period  for  Subcase  5a  is  r=0.1  and  the 
exponential  decay  on  the  disturbance  is  a  =  1 . 

The  simulation  results  shown  in  Figure  4.44  and  Figure  4.46  illustrate  the 
plant  output  y{t),  the  disturbance  w{t),  and  the  servo-command  yc(0-  The  simulation  results  in  Figure 
4.44  illustrate  the  case  of  no  parameter-perturbations  {^a^  =  Aoz  =  0).  The  simulation  results  in  Figure 
4.46  illustrate  the  case  of  parameter-perturbations  Aa  =  (Aa|,Aa2)  =  (0.4,-0.8),and(-0.4,0.8), 

overlayed  on  the  nominal  case  of  Aa  =  (0,0).  The  simulation  results  in  Figure  4.45  (for  the  case 
Aflf  =  (0,0))  and  Figure  4.47  show  the  corresponding  servo-tracking  error  £y{t)  =  yc{t)—y{t)  for 
Subcase  5a. 


Notice  the  oscillations  in  the  plant  output  XO  shown  in  Figure  4.46  for  the 
case  of  Aa  =  (0.4,  -0.8).  Those  oscillations  (due  primarily  to  the  uncertainty  of  parameters  in  the  A 
matrix  in  (4.184)),  are  growing,  thus  preventing  the  plant  output  ></)  from  achieving  and  maintaining  a 
zero  tracking-error.  As  will  be  seen  in  the  next  example,  those  oscillations  can  be  eliminated  by 
implementing  certain  control  terms  at  a  higher  sample-rate. 
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Figure  4.44  Illustration  of  the  Plant  Output  XO,  Disturbance  ^(0,  and  Servo-Command  for 
Subcase  5a  With  an  Unstable  Plant,  No  Parameter-Perturbations  and  Control  Sample- 
Period  r=o.i. 


4 
2 
0 
-2 
-4 
-6 

0  5  10 

Figure  4.45  Illustration  of  the  Tracking-Error  for  Subcase  5a  With  an  Unstable  Plant,  No  Parameter- 
Perturbations  and  Control  Sample-Period  7=  0.1. 
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Figure  4.46  Illustration  of  the  Plant  Output  y{t).  Disturbance  w(/),  and  Servo-Command  yj^f)  for 
Subcase  5a  With  an  Unstable  Second-Order  Plant,  Control  Sample-Period  7=0  1  and 
Parameter-Perturbations  (Aa  =  (Ao„Aa2)  =  (0.4,-0.8),and(-0.4,0.8))  Overlayed  on 
Nominal  Case  of  Aoj  =  Aotj  =  0 . 


Control  Sample-Period:  7*  0.1 


Figure  4.47  Illustration  of  the  Tracking-Error  e^t)  for  Subcase  5a  With  an  Unstable  Second-Order  Plant 

A.  A  Parameter-Perturbations 

(  (Aoi,Ao2)-(0.4,-0.8),and(-0.4,0.8))  Overlayed  on  Nominal  Case  of 

Aa,  =  A02  =  0 . 
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4.6.4.  Subcase  5b:  Digital  Servo-Tracking  Control  Design  Utilizing  Multirate 
Sampling  and  D/C  Control-Action  u(t;kTc;kTy)  for  the  Case  of  an  Unstable 
Second-Order  Plant  and  Stepwise-Constant  Servo-Command  y^t),  and 
Subjected  to  a  (Step+Ramp)xDecaying  Exponential  Disturbance  and 
Parameter-Perturbations  AA 

The  digital  servo-tracking  control  algorithm  in  (4.233),  designed  in  Subcase  5a,  can 
utilize  multiple  sampling-periods  to  achieve  a  level  of  high-performance  servo-tracking  that  cannot  be 
matched  by  a  single-rate  controller.  In  this  Subsection,  the  digital  servo-tracking  controller  from 
Subcase  5a  is  implemented  such  that  the  control  terms  associated  with  the  plant,  Ut{r,kT)  and  uJit,kT), 
operate  at  one  sample-period  Ty  and  the  control  terms  associated  with  the  servo-command,  Us(t;kT)  and 
u/^kT),  operate  at  another  sample-period  Tc  .  In  that  way,  the  ideal  digital  servo-controller  in  (4.233) 
becomes 


u(f,kT,;kT^)  =  u,(t;kT)  +  u,(t;kTc)  +  uAkT,)  +  u,(t;kT), 


(4.234) 


where 


«,(/;  kT^  )  =  -£-“<'-*'>^1  -H  a(t  -  kTy  ))z ,  {kT^)-{t  -  kT^  (kTy  ) , 


Us(t;kT,)  =  c(kT,)  =  y,(kT,), 


2T  _  -nn  _2(e^c 

u^(kTJ  =  -f - "  \y^(kT,)  -  y(kTj) 


^  p’”'  -  2e^'  +  )(?;  +  1)  -i-  (1  -  7; )  -  , 


-X2(kT,) 


and 


uAr,kT^)  =  e-^‘-'^^\l  +  6(t-kT^))zykT^)Ht-kT^)e-^‘-^^^^^ 

The  desi^  of  the  digital  servo-tracking  controller  can  be  modified  to  take  additional 
benefit  of  the  use  of  multiple  sample-rates.  For  example,  the  particular  multirate  implementation 
discussed  above  can  be  altered  such  that  the  inherently  unstable  plant  (An  matrix  in  (4.184)  having  poles 
in  the  right-half  plane)  can  be  brought  under  control  at  the  higher  sample-rate  1/7;.  In  that  way  an 
additional  control  term,  postulated  in  continuous-time  as  u^Jt)  =  K„x(t),  is  designed  such  that  the 
homogeneous  equation 

x(t)  =  (Afj  +  BK^  )x(t)  ,  ^4  23  5) 

has  certain  specified  eigenvalues.  Following  the  method  described  in  Section  3.4,  K„  should  be  selected 
such  that 
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(4.236) 


d^t[Xl-{A,^BKj]=P„{X) 
where  Pm{X)  is  given  in  (4.189). 

The  discrete-time  counterpart  to  the  design  oiK„  in  (4.236)  is  to  choose  K„  to  obtain 

det[^-(2„+.S^„)]  =  det[iI-5„] 

=  A  -2e  >'X-k-e  ”  ,  (4.237) 

where  A^,^nAB  are  given  in  (4.193)  (with  Jreplaced  by  Ty)  and  A„  =  for^„  in  (4.188). 

For  the  present  example,  K„  is  designed  to  achieve  (incorporating  the  values  of  Ay, 
and  B  into  (4.237)) 

.1=  +  ((/'  (1  -  r, )  -  i)iE.,  -  /-(tX,  *  2))-! 

(4.238) 

+  /'(I  +  Ty-  )k„,  +  (7;^„,  +  /^ )  =  ^^  - 

A  k„  satisfying  (4.238)  is 


where 


(4.239) 


,-6n 

^m\  = - 


-2(£^j-^) 


and 


_  +  2e-‘'i  Vt;  + 1)  +  (1  -  ?;)  -  2e-''>  + 

^m2 - - - - - - - - - - 

-\f 

The  idealized  control  term  u^^(kTy)  is  thus  chosen  (ideally)  as  (same  as  3.87) 

^aSkTy)  =  k„x{kTy), 
where  k„  is  given  in  (4.239). 


(4.240) 
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Assuming  the  ideal  choice  for  {kTy )  in  (4.240)  is  implemented,  the  control  terms 
Usit;kTc)  and  u^kTc)  in  (4.234)  would  be  re-computed  using  the  “new”  A  matrix.  That  is,  the  term  An 
would  be  replaced  by  A^  +  Bk„  and  A^  would  be  replaced  by  the  matrix  exponential 
throughout  the  design  of  u^t',kT^  and  U/^kT^  in  Subsections  4.6.3. 1  and  4.6. 3. 2.  In  order  to  simplify  the 
calculations  for  Up{kTc)  and  (JcTy),  it  is  hereafter  assumed  that  the  sample-period  Ty  =  0.04  and  the 

multirate  digital  servo-controller  will  be  obtained  for  the  cases  =  0.08, 0.1, 02,  and  0.8 .  In  that  way, 
the  multirate  servo-controller  equation  in  (4.234)  is  recomputed  as 

u(t;kTy;kT,)  =  u,(t;kTy)  +  u,it;kT,)  +  Up(kTJ  +  u^(t;kTy)  +  {kTy) ,  (4.241) 

where  Ut(t;kTy)  and  uj(t;kTy)  are  given  in  (4.234),  and 

u,(t;kT,)  =  n335y,(kT,), 


«p(kTJ  = 


0m\4{y,(kT,)-yikT,))  +  0.0026x2(kT,)  for  7;  =0.8 
-0.9l22(y^(kTJ-y(kTj)-03l85x2(kT^)  for  7;  =02 
-29306{y,(kT,)-y(kT,))-0.8594x2(kT^)  for  7;  =0.1 
-3.6533{y^(kT,)-y(kT^))-m65x2(kT^)  for  7;  =0.08 


and 


)  =  -263354y(kTy  )  - 1 1.691  Ix^  (kTy  ) . 

Estimates  2(kTy),  x(kTy),  and  z^(kTy),  are  obtained  from  the  hybrid  full-order 
observer  described  in  the  following  Subsection. 


4.6.4.I.  Practical  Realization  of  the  Digital  Servo-Tracking  Controller  for 
Subcase  5b 

The  digital  servo-controller  in  (4.241)  can  be  realized  by  substituting  Ty  for  T 
in  the  hybrid  full-order  observer  in  (4.228)  and  the  y/(u,)  in  (4.227)  computed  for  Subcase  5a,  re¬ 
calculating  the  observer  gain-matrix  Kq  in  (4.232)  for  the  appropriate  value  of  Ty,  and  by  replacing 
«/A7)  in  (4.228)  with  Uy,(kTy)  +  u„^(kTy)  in  (4.241)  (with  7;  replaced  by  7),  in  u/itT;)).  The  necessaiy 

estimate  x(kT,)  is  then  obtained  by  passing  x(kTy)  through  a  zero-order-hold  device  having  a  hold  time 
ofTc. 


The  observer  gain-matrix  (4.232)  in  Subcase  5a  was  computed  for  a 

s^ple  period  of  7=  0.1  and  or  =  1 .  In  this  example,  a  sample  period  of  Ty  =  0.04  was  chosen  The 
observer  gam-matrix  for  the  sample-period  Ty  =  0.04  was  computed  and  is  given  as 
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'fon' 

-5.5765 

-192.0704 

101,503.1367 

Ko22 

-523,0293915 

Ko,x 

106,033.9770 

.^032  _ 

-447,9322637 

(4.242) 


4.6.4.2.  Simulation  Results  for  Subcase  5b 

Simulation  results  were  obtained  for  the  example  plant,  disturbance,  and 
servo-command,  given  in  (4.182),  (4.183),  and  (4.8),  where  the  parameter-perturbation  Aa  and  control 
sample-periods  Tc,  Ty,  and  7^  are  given  by 

Control  Sample-Periods: 

'r^=0.04,  r^=0.8 
Ty  =0.04,  7^  =0.1 

<  Ty  =  0.04,  7^  =  0.2,  7^  =  0.8  for  the  cases 
7;=  0.04,  T^=0.08 
Ty=  0.04,  7^  =  0.08 


Afl  =  (0,0),  (0.4,-0.8),  (-0.4,0.8),  (0.8,-1.8) 

Aa  =  (0,0),  (0.4,-0.8),  (-0.4,0.8),  (0.8,-1.8) 

Aa  =  (0,0),  (20,1.6),  (-1 8,-13),  (-27,15)  .  (4.243) 

Aa  =  (0,0),  (0.4,-0.8),  (-0.4,0.8),  (0.8,-1.8) 

^  =  (0,0),  (-1.4,-12),  (0.9,1.6),  (-32.0. 


The  sample-period  7^  =  0.8  is  used  in  one  of  the  simulations  to  illustrate  that 
more  than  two  different  sample  rates  may  be  employed.  In  that  case,  the  Us  control  term  in  (4.241)  is 

implemented  using  sample-period  T,.  No  recalculations  are  necessary  to  incorporate  the  sample-period 
■* 


The  simulation  results  in  Figure  4.48  and  Figure  4.50  illustrate  the  plant 
ou^irt  XO.  the  disturbance  w(/),  and  the  servo-command  yj;/),  and  the  simulation  results  in  Figure  4.49 
and  Figure  4.51  show  the  corresponding  servo-tracking  error  Sy(/)  =  yJ/)-y(f)  for  the  case  of 

Ty  =  0.04,  7,  =  0.8  (Figure  4.48  and  Figure  4.49  only),  7,  =  0.1  (Figure  4.49  and  Figure  4.50  only)  and 
parameter-perturbations  Aa  =  (0,0),(0.4,-0.8),(-0.4,0.8),  and  (0.8,-1.8) .  Although  the  tracking  is  slower 
m  Fi^re  4_48  compared  to  Figure  4.50  (tracking  done  at  7,  =  0.8  versus  7,  =  0.1),  the  response  is  much 

^  of  the  parameter^rturbations 

Aa  (0,0),(0.4,  0.8),(  04,0.8),  and  (0.8,-1.8)  are  virtually  undetectable  in  the  simulation  plots  in  Figure 

4^48  and  Figure  4.49,  but  become  quite  noticeable  in  the  plots  in  Figure  4.50  and  Figure  4.51.  Why  does 
the  case  of  Ty  =  0.04  and  7^  =  0.8  appear  to  be  more  robust  than  the  faster  sample-rate  case  of  Ty  =  0.04 

and  7,  =0.1?  Recall  the  assumption  in  (3.80)  that  the  samplers  of  the  system  are  synchronized^nteger 
multiples.  That  is,  ® 


Tc=J?Ty, 
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where  7  is  some  positive  integer.  And  remember  that  the  control  term  (,kTy)  actually  changes  the 

value  of  the  plant’s  An  matrix,  thus  requiring  the  control  terms  running  at  the  sample-rate  VTc  to  be 
recomputed  to  reflect  this  change  in  parameter.  If  the  different  sample-rates  are  not  synchronized, 
integer  multiples,  the  terms  running  at  the  lower  sample-rate  1/7;  will  compute  the  new  value  of  a  ’n 
incorrectly  and  respond  with  an  inappropriate  control-action.  The  sample-periods  Ty  =  0.04  and  7;  =  0.1 

(see  Figure  4.50  and  Figure  4.51)  are  not  related  by  an  integer,  or  equivalently, 

? 

0.1 = 7O.O4  ^  7  integer , 

and  consequently  do  not  meet  the  assumptions  for  implementing  the  digital  servo-tracking  controller  as  a 
multirate  controller  when  the  control  term  u^^{kTy)  is  included.  If  the  u^_^{kTy)  control  term  is 

excluded,  and  u{f,kT)  is  implemented  as  in  (4.234),  the  integer-multiple  restriction  no  longer  applies. 
However,  in  that  case,  the  response  for  this  particular  example  will  suffer  severely  (become  unstable)  due 
to  the  natural  instability  of  the  plant. 

The  simulation  results  in  Figure  4.52,  Figure  4.54,  and  Figure  4.56  illustrate 
the  plant  output  y{t),  the  disturbance  w{t),  and  the  servo-command  yjlj),  and  the  simulation  results  in 
Figure  4.53,  Figure  4.55,  and  Figure  4.57  show  the  corresponding  servo-tracking  error 
=  yc(0-y{t)  for  a  variety  of  sample-periods  and  parameter-perturbations  for  Subcase  5b.  Those 

simulation  plots  illustrate  the  performance  of  the  example  problem  for  a  variety  of  parameter- 
perturbations,  including  perturbations  on  the  order  of +/-2000%  of  the  nominal  value  of  the  a„,  parameter 
(<^ni  =  -1)  and  as  large  as  95%  of  the  nominal  value  of  the  a„2  parameter  (a„2  =  2) .  The  perturbations 
and  sample-periods  are  given  in  the  figure  headings  and  in  (4.243). 
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Figure  4.48  Illustration  of  the  Plant  Output  y(t).  Disturbance  w(t),  and  Servo-Conunand  yj(t)  for 
Subcase  5b  With  An  Unstable  Second-Order  Plant  Subjected  to  Parameter-Perturbations 
Ao  =  (0,0),  (0.4, -0.8),  (-0.4, 0.8),  and  (0.8,- 1.8),  and  Compensated  by  a  Multirate  D/C 
Controller  Using  Sample-Periods  r^  =  0.04  and  7;  =  0.8. 


Figure  4.49  Hlustration  of  the  Tracking  Error  e^t)  for  Subcase  5b  With  An  Unstable  Second-Order  Plant 
Subjected  to  Parameter-Perturbations  Aa  =  (0,0),  (0.4,-0.8),  (-0.4,0.8),  and  (0.8,-l  8)  and 
Compensated  by  a  Multirate  D/C  Controller  Using  Sample-Periods  r  =004  and  J  =08 
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Figure  4.50  Illustration  of  the  Plant  Output  y(t).  Disturbance  w{t),  and  Servo-Command  ydt)  for 
Subcase  5b  With  An  Unstable  Second-Order  Plant  Subjected  to  Parameter-Perturbations 
Afl[  =  (0,0),(0.4,-0.8),(-0.4,0.8),  and  (0.8,-1.8),  and  Compensated  by  a  Multirate  D/C 
Controller  Using  Sample-Periods  7;  =  0.04  and  Tc  =  0.\. 


Figure  4.51  Illustration  of  the  Tracking  Error  s^t)  for  Subcase  5b  With  An  Unstable  Plant  Subjected  to 
Parameter-Perturbations  Aa  =  (0,0), (0.4 -0.8), (-0.4, 0.8),  and  (0.8,-1.8)  and  Compensated 
by  a  Multirate  D/C  Controller  Using  Sample-Periods  Ty  =  0.04  and  7^  =  0.1 . 
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Figure  4.52  Illustration  of  the  Plant  Output  y{t).  Disturbance  w^t),  and  Servo-Command  yj^t)  for 
Subcase  5b  With  An  Unstable  Second-Order  Plant  Subjected  to  Parameter-Perturbations 
Aa  =  (0,0),  (20, 1.6),  (-18, -1.3),  and  (-27,1.9),  and  Compensated  by  a  Multirate  D/C 
Controller  Using  Sample-Periods  =  0.04 ,  =  0.2 ,  and  T^  =  0.8 . 


Control  Sample-Periods:  Ty  =  0.04.  Tc  =  0.2,  and  7s  =  0.8 


Figure  4.53  Illustot>on  of  the  Tracking  Error  e^t)  for  Subcase  5b  With  An  Unstable  Second-Order  Plant 
Subjected  to  Parameter-Perturbations  Afl  =  (0,0),  (20,1.6),  (-18,-1.3),  and  (-27,1.9),  and 
Compensated  by  a  Multirate  D/C  Controller  Using  Sample-Periods  T  =004  7  =02 
and  7=0.8.  ^  >  c  •  , 


185 


Figure  4.54  Illustration  of  the  Plant  Output  yit).  Disturbance  w(t),  and  Servo-Command  yt(t)  for 
Subcase  5b  With  An  Unstable  Second-Order  Plant  Subjected  to  Parameter-Perturbations 
Aa  =  (0,0),(0.4,-0.8),(-0.4,0.8),  and  (0.8,-1.8)  and  Compensated  by  a  Multirate  D/C 
Controller  Using  Sample-Periods  Ty  =  0.04  and  Tc  =  0.08  . 


Figure  4.55  Illustration  of  the  Tracking  Error  ^/)  for  Subcase  5b  With  An  Unstable  Second-Order  Plant 
Subjected  to  Parameter-Perturbations  Aa  =  (0,0),  (0.4, -0.8), (-0.4, 0.8),  and  (0.8 -1.8)  and 

Compensated  by  a  Multirate  D/C  Controller  Using  Sample-Periods 
7^,=  0.04  and  7;=  0.08. 
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Figure  4.56  Illustration  of  the  Plant  Output  y{t).  Disturbance  w(/),  and  Servo-Command  yj^t)  for 
Subcase  5b  With  An  Unstable  Second-Order  Plant  Subjected  to  Parameter-Perturbations 
Aa  =  (0,0),(-1.4,-1.2),(0.9,1.6),  and  (-3.2,0.2)  and  Compensated  by  a  Multirate  D/C 
Controller  Using  Sample-Periods  Ty  =  0.04  and  Tc  =  0.08  . 


Figure  4.57  Illusb-ation  of  the  Tracking  Error  e^f)  for  Subcase  5b  With  An  Unstable  Second-Order  Plant 
Subjected  to  Parameter-Perturbations  Aa  =  (0,0),(-1.4,-1.2),(0.9,1.6),and(-3.2,0.2)  and 

Compensated  by  a  Multirate  D/C  Controller  Using  Sample-Periods 
Ty  =  0.04  and  =  0.08 . 
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5.  CONCLUSIONS  AND  RECOMMENDATIONS  FOR  FURTHER  WORK 


5.1.  Introduction 

This  report  presents  and  illustrates  (through  examples)  a  new  and  general  theory  for 
developing  high-performance  digital  servo-tracking  controllers  for  linear,  time-invariant,  MIMO  systems. 
Conclusions  of  this  research  and  recommendations  for  further  work  are  presented  in  this  chapter. 


5.2.  Conclusions 

The  most  significant  contribution  of  this  woric  is  the  development  of  a  new,  general  linear- 
algebraic  theoiy  for  developing  digital  servo-tracking  controllers  which  will  achieve  high-performance 
servo-tracking  that  is  unmatched  by  currently  available  digital  servo-design  methods.  Some  of  the  key 
shortcomings  of  conventional  digital  servo-controllers  are:  1)  failure  to  exploit  useful  dynamic 
information  encoded  in  the  uncertain  servo-commands,  disturbances,  and  plant  states;  2)  assume  Type  1, 
2,  and  3  commands;  3)  lack  of  intelligent  control-actions  between  sample  times;  and,  4)  sensitivity  of 
tracking  performance  to  plant  parameter-perturbations. 

In  addition,  the  technique  presented  in  this  paper  overcomes  common  obstacles  that  are 
encountered  when  attempting  to  achieve  high-performance  servo-tracking  using  digital  controllers.  Some 
of  those  obstacles  are:  1)  the  complex  time-behavior  of  the  uncertain  multivariable  servo-commands  and 
disturbances;  2)  performance  degradation  due  to  uncertain  variations  in  plant  parameters;  and,  3) 
intersample  misbehavior  due  to  the  time-varying  nature  of  the  servo-commands  and  disturbances  and  also 
due  to  the  open-loop  instability  of  the  plant. 

The  digital  servo-controller  theoiy  presented  in  this  report  is  ideal  in  the  sense  that  the  design 
procedure  encompasses  a  superset  of  desirable  characteristics.  That  is,  the  design  procedure: 

1)  is  purely  linear-algebraic  in  nature  so  that  there  are  no  matric  Riccati  equations  or 
other  complex  equations  that  require  evaluation; 

2)  accommodates  linear  time-invariant  systems  subjected  to  generalized,  multi- 
variable,  independent  disturbances  having  complex  time-behavior; 

3)  produces  a  servo-controller  that  provides  high-fidelity  servo-tracking  of 
generalized,  multi-variable  servo-commands  having  complex  time-behavior; 

4)  is  generalized  to  include  any  order  of  system  having  multiple-inputs  and  multiple- 
outputs  (MIMO  systems); 

5)  provides  performance  robustness  against  uncertain  variations  in  plant-parameter 
values  AA; 

6)  minimizes  intersample  misbehavior  (ripple)  to  the  highest  degree  possible  utilizing 
a  digital  controller;  and. 
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7)  regulates  and  maintains  the  motions  of  the  servo-state  vector  e^s  to  a  subspace  SV  of 
the  null-space  of  the  output  matrix  {e,^{kT)^  cK[C]). 


The  primary  control  task  of  the  digital  servo-controller,  developed  by  the  techniques 
presented  m  this  report,  is  to  achieve  and  maintain  closed-loop  stability  for  the  plant  while 
siniultaneously  regulating  the  servo-tracking  error  s^t)  to  zero  and  achieving  certain  desired 
performance-criteria,  such  as  closed-loop  settling-time.  The  methods  of  DAC  theory  [40  71  721  are  used 
throughout  this  report  to  model  the  motions  of  the  uncertain  servo-commands,  distuiarices  and 
parameter-perturbations;  to  determine  cancellation  conditions  of  disturbance  effects;  and  to  decompose 
the  totd  (vector)  control-effort  into  a  sum  of  individual  (vector)  control  teims,  each  with  a  unique  control 
tasL  The  decomposition  of  the  servo-control  effort,  and  the  subsequent  decomposition  of  the  servo- 
problem  into  logical  subproblems,  simplifies  the  design  procedure  significantly. 

The  servo-controller  design  technique  presented  in  this  report  uses  state-estimators  (state- 
observers)  to  physically  realize  the  digital  servo-control  algorithm.  A  discrete-time,  reduced-order 
obsei^er  is  used  to  estimate  the  servo-command  state  c(^7)and  a  composite  discrete-time  full-order  or 

hybrid  composite  full-order  observer  is  used  to  estimate  the  plant  state  x{kT),  disturbance  state  z(kT)  and 
parameter-perturbation  state  ^ 


In  Chapter  2,  a  method  is  presented  for  stabilizing  the  discrete-time  servo-state  vector  e„(A:7) 
to  a  subspace  5^  cN[C]  of  largest  dimension,  and  consequently  regulating  the  servo-tracking  ^t)  to 

S  t  -  0, 1. 2 .  As  illustrated  in  Example  1  in  Chapter  4,  it  may 

be  difficult,  or  even  impossible,  to  stabilize  the  servivstate  vector  e,„(i7)  to  the  entire  However 

there  may  exist  some  subspace  sH[q ,  that  e^kT)  may  be  controlled  to  and  held,  and  this  may  be  the 

more  dest^le,  or  the  oniy  soiution  for  asymptotically  stabilizing  the  tracking-error.  A  method  exists  for 

Sdt  IMtom'd  '”7  “  “■"■inuous-time  [76],  This  report  work  ^apted  L 

sub.  c  ‘•"eloped  a  procedure  for  foimuiating  all  possible  candidate 

paces  V  £  ^  ]  •  Example  2  in  Chapter  4  illustrates  the  case  of  stabilizing  e  (kT)  X[C]  The 

subsp^  stabilization  approach  in  Chapter  2  utiiizes  a  stepwisedronstant  control-Ilction  (a  zoh  type 

action)  to  regulate  thetracking-error^r)  to  zero  at  each  of  the  sample  times,  r-kni-0  12  '  Tta 


th.n  ih.  f.  time-varying  commands  and  disturbances  require  a  holding  strategy  that  is  smarter 

second-order,  and  exponential  hold  methods  used  by  conventional  didtal 
time-vaiying  nature  of  the  commands  and  the  disturbancesfalonrwrtt^^^^^^ 
tA+nr  ^  ^  misbehavior  of  the  plant  output  between  the  sample^times  kT<t  < 

m)T.  Consequent^  even  though  a  zero  tracking-error  is  obtaineT^h  of  the  s^nTe  times  the 
pl^t  output  XO  will  deviate  from  the  servo-command  yj(t)  between  those  times  This  intercamnl 
misbehavior  was  illustrated  in  Subcase  3a  in  Chapter  4  A  method  for  ,ntpii:„  I?  i  ™  ‘"tersample 
action  for  the  next  sample-period  was  prLS  [n  ChapTr  f  ^ 

wavcfom.  behaviors  that  both  the  servo-commaud  aud  the  exteroai' disturbance  i^  pTecred  to  Stt 
3b  misbehavior  to  a  degree  not  previously  obtained  by  conventionafteihniques.  Subcase 

intelligent  holdVstraLil^^^^  incorporating  the 


Robusmess  to  uncertain  changes  in  the  plant’ 
high-performance  digital  servo-tracking  controller.  A 


s  parameter  values  is  a  necessary  quality  of  a 
method  was  presented  for  modeling  those 
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parameter  variations  and  thus  designing  a  control  term  Ua(t;kT)  to  accommodate  their  effects.  The 
particular  design  method  given  incorporates  an  intelligent  intersample  holding-strategy  to  counteract  the 
effects  of  those  unknown  parameter-perturbations  between  the  sample  times.  Examples  using  this 
enhancement  are  given  throughout  Chapter  4.  In  particular.  Subcase  3c  compares  a  system  compensated 
with  and  without  the  robustness  control  term  uj(^t;kT). 

The  digital  servo-controller  designed  by  the  techniques  presented  in  this  paper  may  be 
implemented  using  a  single  sample-period  or  using  multiple  sample-periods.  There  are  many  different 
ways  of  implementing  the  digital  servo-tracking  control  algorithm  using  multiple  sample-periods. 
Multirate  sampling  could  arise  from  the  physical  characteristics  of  the  system,  or  may  be  introduced 
deliberately  into  the  servo-controller.  A  particular  implementation  was  considered  for  this  research  that 
has  practical  application.  It  involves  two  distinct  and  synchronized  sample-periods  associated  with  the 
two  distinct  vector-inputs  to  the  digital  servo-controller  (y{kT)  and  y^kT)).  One  sample-period  is 
associated  with  the  availability  of  measurements,  or  processing,  of  the  plant  output  while  the  second 
sample-period  is  associated  with  the  availability  of  measurements,  or  processing,  of  the  servo-command 
yXO-  hi  the  multirate  case,  an  unstable  or  highly  oscillatory  plant  may  be  brought  under  control  by 
incorporating  an  additional  control  term  (kT)  into  the  digital  servo-controller  that  runs  at  the  faster 

sample-rate.  When  the  {kT)  term  is  used,  the  control  terms  running  at  the  slower  rate  may  need  to  be 

recomputed  to  reflect  the  plant’s  new  A  matrix.  Simulation  results  are  given  in  Subcase  4b  in  Chapter  4 
for  a  plant  compensated  by  a  digital  servo-controller  with  and  without  the  additional  {kT)  control 

term.  Also,  Subcase  5b  in  Chapter  4  includes  simulation  results  illustrating  performance  degradation  for 
the  case  of  sample  periods  that  do  not  satisfy  the  integer  multiple  relationship  in  (3.80). 


53.  Recommendations  for  Further  Work 

Several  areas  for  further  study  in  the  field  of  digital  servo-tracking  control  theoiy  have  been 
uncovered  during  the  course  of  this  research.  In  particular,  the  suggested  areas  for  further  study  are 
described  briefly  in  the  listing  below: 

1)  The  focus  of  this  work  is  on  output  servo-tracking.  That  is,  the  problem  of  the  plant 
output  y{t)  tracking  a  given  servo-command  yc{t).  The  general  theory  presented  here 
should  be  extended  to  cover  the  case  of  plant  state  servo-tracking.  That  is, 
^(0~^^c(0  in  ^  sufficiently  small  amount  of  time  (where  Xc{t)  represent  time- 
v^ing  commands  that  the  plant  states  are  required  to  follow).  In  that  way, 
disturbance  cancellation  and  accommodation  of  plant  parameter-perturbations  as  they 
affect  individual  plant  states  would  also  require  further  analysis; 

2)  Another  subject  area  for  further  research  involves  expanding  the  digital  servo- 
controller  theory  developed  in  this  report  to  linear  time-invariant  systems  having  the 
dynamical  model 

x{t)  =  Ax{t)  +  Bu{t) + Fw{t) 
y{t)  =  Cx{t) +Eu{t)+ Gw{t)  ’ 
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3)  A  high-performance  digital  servo-control  theory  that  addresses  time-varying 
parameters  is  an  area  requiring  additional  research.  Initially,  the  time-varying  system 
represented  by 

x{t)  =  A{t)x{t)  +  +  F{t)w{t) 

y{t)=C{t)x{t) 

might  be  considered,  and  then  expanded  to  achieve  a  general  theory  for  time-vaiying 
systems  of  the  form 

x{t)  =  A{t)x(j)  -H  +  F(/)w(/) 

XO  =  C{t)x{t)  +  E{t)u{t)  +  G{t)yv{t)  ’ 


4)  Variations  in  the  plant’s  A  matrix  have  been  considered  in  this  work,  however,  the 
general  theoiy  begs  for  inclusion  of  the  case  addressing  variations  in  the  nominal 
values  of  the  B,  C,  and  F  matrices.  A  linear  digital  control  method  does  exist  [34,  35, 
39]  which  accommodates  variations  in  those  parameters;  however,  some  investigation 
will  be  required  to  determine  if  and  how  this  technique  can  be  applied  for  the  case  of 
time-varying  servo-commands; 


5)  The  multirate  solution  given  in  this  paper  assumes  that  all  sample-periods  are  integer 
multiples  of  one  another.  As  was  seen  in  Subcase  5b  in  Chapter  4,  a  non-integer 
multiple  relationship  causes  degradation  in  the  tracking  performance.  The  control 
terms  operating  at  the  slower  sample-rate  rely  on  this  integer  multiple  relationship  for 
their  coinputations.  Further  investigation  is  required  to  determine  how  their 
computation  should  be  altered  to  include  any  relationship  of  control  sample-periods; 

6)  >^other  area  involving  multiple  sample-rates,  related  to  the  recommendation  given 
above,  is  the  case  involving  samplers  that  drift  slightly  from  their  nominal  rate.  The 
method  presented  in  this  report  assumes  the  samplers  are  synchronized  and  remain 
sjmchromzed  for  all  time.  In  practical  hardware  implementation,  the  samplers  may  be 
subjected  to  temperature  variations,  or  other  disrupting  effects,  and  may  tend  to  drift 
slightly,  leading  to  a  possible  decline  in  tracking  performance; 


7) 


Again  in  the  area  of  multiple  sample-rates,  is  the  dilemma  of  selecting  the  best 
combination  of  sample  rates  to  achieve  the  desired  performance,  while  staying  within 
certain  design  boundmes.  Some  sample-rates  may  be  determined  or  constrained  by 
me  physical  characteristics  of  the  system  or  the  hardware  on  which  the  controller  is 
implemented.  Issues  such  as  availability  of  data,  computing  power  of  the  hardware 
or  time-sensitive  deadlines  impose  limits  on  the  sample-rates  that  may  be  used.  In 
addition,  a  new  digital  servo-controller  must  be  computed  for  each  change  in  sample- 
rates,  unless  the  sample-period  is  carried  as  a  variable  throughout  the  computations 
This  becomes  quite  cumbersome  for  anything  other  than  very  low-order  systems.' 
Therefore,  a  technique  for  arriving  at  the  optimal  combination  of  sample-rates  given 
the  constramts  and  design  criteria  of  the  system,  is  an  area  that  would  require 
extensive  effort,  but  with  high  pay-off-  ^ 


8) 


The  digital  se^o-tracking  controller  design  method  developed  in  this  report  assumes 
satisfaction  of  a  complete-cancellation  condition  for  the  effects  of  the  external 
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disturbances  and  disturbance-like  effects  caused  by  the  servo-conunands  and 
parameter  perturbations  on  the  servo-tracking  error  ejit).  If  those  conditions  are  not 
met,  then  the  corresponding  control  term  cannot  be  designed.  The  theory  of  DAC 
[40,71,72]  includes  methods  of  disturbance-minimization  and  disturbance-utilization. 
Those  DAC  methods  could  be  incorporated  into  the  general  theory  presented  in  this 
paper; 

9)  A  method  was  presented  in  Subsection  2.1 1.7  for  formulating  all  possible  subspaces 

cX[C].  Those  subspaces  are  systematically  tested  for  suitability  using  the  linear 
subspace  stabilization  technique  presented  in  Chapter  2.  Additional  research  is 
needed  to  fully  evaluate  the  possibilities  that  exist  for  this  method.  Upon  testing  a 
general  representation  for  V-dimensional  subspaces,  the  designer  can  then  discern  a 
range  of  acceptable  subspaces  for  regulating  e,J{kT).  A  computer  program  that 
automates  the  procedures  in  Section  2.11  for  enumerating  subspaces,  performing  the 
subspace  testing,  and  determining  appropriate  ranges  of  subspaces,  will  help  to  ease 
the  burden  on  the  control  system  designer;  and 

10)  The  application  of  the  digital  servo-tracking  control  theory  to  realistic  problems  is 
desirable  in  order  to  further  ascertain  the  benefits  of  this  technique  versus 
conventional  methods.  In  particular,  this  theory  could  be  applied  to  the  missile 
guidance  problem  of  tracking  a  maneuvering  target  while  subjected  to  a  wide  variety 
of  atmospheric  disturbances,  noisy  measurements,  and  parameter  uncertainties. 
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LIST  OF  SYMBOLS 


Definition 

Plant  coefficient  matrix;  dimension  n\n. 

Idea!  model  coefficient  matrix;  dimension  «  x  n. 

Nominal  value  of  the  plant  coefficient  matrix;  dimension  «  x  n. 

Discrete-time  counterpart  to  A\  dimension  nxn. 

Discrete-time  counterpart  to  An,;  dimension  nxn. 

Discrete-time  counterpart  to ^n;  dimension  nxn. 

Term  representing  the  quantity  CAC*^ . 

Term  representing  the  quantity  ( MRf(^A  -  MR . 

Decay  value  on  exponential;  e.g.  e~°‘ . 

Constant  matrix  of  coefficients  in  the  set  of  homogeneous  equations  QLp  =  0  where  Ot 
pM. 

Plant  control  distribution  matrix;  dimension  nxr. 

Discrete-time  counterpart  to  B;  dimension  nxr. 

Term  used  to  represent  the  quantity  +  FH . 

Term  representing  the  quantity  CB . 

Term  representing  the  quantity  . 

Servo-command  state-vector;  dimension  v  x  1. 

Composite  state-reconstructor  estimate  of  servo-command  state-vector  c. 

Set  of  unknown  constants  that  may  “jump”  in  value  from  time-to-time. 

Plant  output  coefficient  matrix;  dimension  mxn. 

Auxilliaiy  vector  using  in  calculations  for  a  reduced-order  observer. 


LIST  OF  SYMBOLS  (Cent.) 


Symbol  Definition 

Linear  transformation  state  of  . 

D  Disturbance  coefficient  matrix;  dimension  p  x  p. 

D  Discrete-time  counterpart  to  D;  dimension  pxp. 

Da  Parameter-perturbation  vector  coefficient  matrix;  dimension  x  r?  or  less. 

Discrete-time  counterpart  to  Da',  dimension  same  as  that  of  Da. 


V 

5a, j 
AA 
A 

E 

E 

^SS 

£z 


fi(t) 


Term  used  to  denote  the  quantity 

The  (ij)  element  of  the  matrix  AA. 

Matrix  of  plant  parameter-perturbations;  dimension  «  x  «. 

Term  used  to  represent  the  quantity  KpMR . 

Servo-command  coefficient  matrix;  dimension  v  x  v. 

Discrete-time  counterpart  to  E',  dimension  v  x  v. 

One-step  delay  defined  such  that  E"'x(it7)  =  x{(Jk  - 1)?*) 

Servo-  state  vector. 

ess  with  residual-effects  ignored. 

Full-order  observer  error  between  estimate  and  actual  value  of  the  plant  state  x; 
fr  =x-x. 

Servo-tracking  error. 

Ey  with  residual-effects  ignored. 

Full-order  observer  error  between  estimate  and  actual  value  of  the  disturbance  state  r, 

=  Z- 2  . 

Full-order  observer  error  between  estimate  and  actual  value  of  the  parameter-perturbation 
state  z„;  s,^=z„-z„. 

Natural  basis  function,  the  set  of  which  mirror  the  waveform  pattern  of  an  uncertain 
waveform-structured  input. 
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Symbol 

F 

FH 

G 

Gis) 

rikT) 

YaikT) 

r- 

Fc 

r, 

fc 

r, 

H 

Ha 

Ha 


Definition 

Disturbance  input  matrix;  dimension  nxp. 

Discrete-time  counterpart  to  FH;  dimension  nxp. 

Output  matrix  in  dynamic  model  of  servo-commands;  dimension  mxv. 

Transfer  function  of  uncertain  waveform-structured  signal. 

Completely  unknown,  unpredicatable,  and  unmeasurable  “residual-effect”  caused  by  the 
o(t)  impulses. 

Completely  unknown,  unpredicatable,  and  unmeasurable  “residual-effect”  caused  by  the 
05,(0  impulses. 

Gain  matrix  associated  with  the  digital-continuous  control  term  uJ{t;kT);  dimension  r  x 
or  less. 

Gain  matrix  associated  with  the  digital-continuous  control  term  uj(t;kT);  dimension  r  x  p. 
Gain  matrix  associated  with  the  digital-continuous  control  term  u^tJcT);  dimension  r  x  v. 
Gain  matrk  associated  with  the  digital  control  term  uj(kT);  dimension  r  x  p. 

Gain  matrix  associated  with  the  digital  control  term  m/AtT);  dimension  r  x  v. 

Output  matrix  in  dynamic  model  of  external  disturbances;  dimension  pxp. 

Output  matrix  in  dynamic  model  of  parameter-perturbation  vector;  dimension  n  x  rf^. 
Discrete-time  counterpart  to  Hg. 


Term  used  to  denote  the  quantity  GET^2 . 

kT  Indicates  discrete  times;  A:  =  0, 1, 2, ...  with  constant  spacing  T. 

(A+ 1  )r  Forward  discrete  time-shift  of  kT. 

k(0  Sparse  sequences  of  impulses  associated  with  the  dynamical  process  model  of  the 

uncertain  waveform-structured  input. 

Kn,  Gain  matrix  used  in  feedback  stabilization  of  plant,  e.g.  =  K„x ;  dimension  rxn. 


LIST  OF  SYMBOLS  (Cont.) 


Symbol  Definition 


Gain  matrix  used  in  feedback  stabilization  of  servo-state  error  e.g.  Up  = 
dimension  rxn. 

Discrete-time  counterpart  to  K„‘,  dimension  rxn. 

Discrete-time  counterpart  to  Kp\  dimension  rxn. 


^p^ss » 


Gain  matrix  used  in  feedback  stabilization  of  discrete-time  fiill-order  observer  tracking- 


The  set  of  all  Kp  satisfying  certain  criteria. 

Output  matrix  in  dynamic  model  of  uncertain  waveform-structured  signal;  dimension  m  x 
d. 

Gain  matrix  chosen  to  stabilize  the  system  4,((A:  +  l)r)  =  p,  +  5,2:]4,(*7’). 

A  solution  to  a  characteristic  equation;  e.g.,  a  solution  to p{X)destnd—  0. 

Colunm  vector  of  the  matrix  Af  in  definition  (2). 

(1)  Uncertain  waveform-structured  signal  coefficient  matrix;  dimension  d  x  d. 

(2)  Maximal  rank  matrix  satisfying  CM=0;  dimension  n  x  (n-iw). 

Some  positive  constant  <  oo . 

Sparse  sequence  of  impulses  associated  with  the  servo-command  yjif)  d3mamical  process 
model. 

Completely  unknown,  unpredictable,  and  unmeasurable  “residual-effect”  caused  by  the 
//(/)  impulses. 

Denotes  the  nullspace  of  the  matrix  contained  in  the  brackets. 

Any  matrix  whose  columns  form  a  basis  for  the  nullspace  of 

I  AA  I  I  -  I 

Impulsive  forcing  function  in  the  differential  equation  describing  waveform-structured 
inputs. 

Matrix  satisfying  C^A  +  BKp^  =  £iC  . 
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Symbol  Definition 

Pis)  Numerator  of  the  Laplace  transformation  of  the  waveform  structured  input  differential 

equation. 

P„iX)  Characteristic  polynomial  of  the  ideal  model  for  the  servo-state  vector  e„. 

PWdesind  Dcsircd  characteristic  polynomial  for  full-order  observer  error  dynamics. 

C)(/,/o)  state  transition  matrix  (i4  =  (^it,t„)). 

^diUo)  Disturbance  state  transition  matrix  (  D  = 


P 

qit) 

Q{s) 


Ta 

Tc 

rs 


ri 


rvh 

R 

R 

Rv 

Sw 


Parameter-perturbation  vector  state  transition  matrix  =  Q>d^  it,to)). 

Any  matrix  whose  columns  form  a  basis  for  the  nullspace  of 
[b,  I  A,B,  I  A^B,  I  -  I  At^%\. 

Discrete  representation  of  the  time-varying  portion  oiuit,kT). 

State  vector  for  the  uncertain  waveform-structured  input  5(t);  dimension  d  x  1. 

Denominator  of  the  Laplace  transformation  of  the  waveform-structured  signal  differential 
equation. 

Residual-effect  driven  by  oi. 

Residual-effect  driven  by  a. 

Residual-effect  driven  by  ft 

(1)  Row  vector  of  the  matrix  R. 

(2)  Solution  vectors  to  ttyff  =  0. 

Individual  elements  of  /*/  as  defined  in  (2). 

Any  (w-m)  X  V  matrix  such  that  v^(«-OT)and  rank[R]  =  v. 

The  set  of  all  Rv ,  v  =  1, 2, ...,  {n-m-l) . 

The  set  of  all  R  that  form  a  basis  for  a  particular  subspace  having  dimension  V. 

Denotes  the  column  range-space  of  the  matrix  contained  within  the  brackets. 

Arbitrary  subspace  contained  within  the  nullspace  of  the  matrix  C. 
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Definition 

Vector  of  uncertain  inputs  having  waveform  structure;  dimension  m  x  1 . 

Sparse  sequence  of  impulses  associated  with  the  external  disturbance  w(t)  dynamical 
process  model. 

Completely  unknown,  unpredicatable,  and  unmeasurable  “residual-effect”  caused  by  the 
a(t)  impulses. 

Sparse  sequence  of  impulses  associated  with  the  parameter-perturbation  vector  Zf^t) 
dynamical  process  model. 

Completely  unknown,  unpredicatable,  and  unmeasurable  “residual-effect”  caused  by  the 
CTait)  impulses. 

Gain  matrix  used  in  feedback  stabilization  of  discrete-time  reduced-order  observer 
tracking-error. 

Indicates  continuous  time. 

An  inital  time,  often  assumed  to  be  0. 

A  fixed  constant  sampling-period. 

Control  sample-period  associated  with  measurements,  or  processing,  of  the  servo- 

command  yc- 

Control  sample-period  associated  with  measurements,  or  processing,  of  the  plant  output  y. 
Any  matrix  satisfying  Gri2=0. 

Term  used  to  denote  the  quantity  {Ti2Ti2)'^Tn  ■ 

A  possibly  nonunique  matrix  satisfying  G  =  CO. 

Composite  control  vector  in  plant  equations;  dimension  /•  x  1. 

The  control  part  of  u  associated  with  cancelling  the  effects  of  the  parameter-perturbations 

M. 

The  control  part  of  a  multirate  u  associated  with  stabilizing  and  achieving  certain  desired 
characteristics  for  the  plant. 


The  control  part  of  u  associated  with  canceling  the  effects  of  the  external  disturbance 

w(/). 
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i 


« 


Symbol  Definition 

Up  The  control  part  of  u  associated  with  stabilizing  and  achieving  certain  desired 

characteristics  for  the  servo-tracking  error. 

Us  The  control  part  of  u  associated  with  canceling  the  disturbance-like  effects  of  the  servo- 

command 

Ut  Portion  of  v{f,kT)  that  is  time-vaiying  between  sample  times. 

U!ci{kT)  Poriton  of  u(t;kr)  that  is  held  constant  between  sample  times. 

v((^ +1)7’  A  term  requiring  knowledge  of  the  motions  of  the  disturbance  over  a  future  sampling 

interval;  v{{k+l)T=  ^e^^'^^Pn(T)dT. 


Vg((k+l)T  A  term  requiring  knowledge  of  the  motions  of  the  parameter-perturbation  vector  over  a 
future  sampling  interval;  v„((^+l)7’= 

w  External  disturbance  input  vector;  dimension  pxl. 

Wa  Parameter-perturbation  state-vector;  dimension  n  x  1 . 

Observer-generated  estimate  of  Wa. 

Xo  Initial  value  for  the  plant  state-vector;  dimension  «  x  1 . 

Desired  or  final  value  for  the  plant  state-vector;  dimension  n  x  1 . 

X  Plant  state-vector;  dimension  «  x  1. 

X  State-reconstructor  estimate  of  plant  state-vector  x. 

X  Term  used  to  represent  the  quantity  0E-AO- BT^ . 

H  Matrix  satisfying  +  BK^MR  =  MRE . 

y  Plant  output-vector;  dimension  /w  x  1. 

yc  Output  servo-command  vector;  dimension  m  x  1 . 

z  External  disturbance  state-vector;  dimension  pxl. 

2  Composite  state-reconstructor  estimate  of  external  disturbance  state-vector  z. 

Za  Parameter-perturbation  disturbance  state-vector;  dimension  x  1  or  less. 
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Symbol  Definition 

Za  Composite  state-reconstructor  estimate  of  parameter-perturbation  state-vector  Za. 

2  Gain  matrix  chosen  to  stabilize  the  system  ^^2  ((^  1)^  =  [-^2  +  ^2  2]42m. 

[•]■'  Denotes  matrix  inverse  of  matrix  in  brackets. 

[•]*  Denotes  matrix  multiplied  by  itself  k  times. 

[•]^  Denotes  matrix  transpose  of  matrix  in  brackets. 

Denotes  Moore-Penrose  pseudo-inverse  of  matrix  in  brackets. 

[•]*  Denotes  matrix  left  or  right  generalized  inverse  of  matrix  in  brackets;  left  defined  by 

([•]^[«])‘*[«]^  and  right  defined  by 
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